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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 46 |. This is test number [ 116 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (46 ) | 0.00 (0 )
Mathematica | 100.00 ( 46 ) | 0.00 (0 )
Fricas | 100.00 (46 ) | 0.00 (0)
Maple | 91.30 (42) | 870 (4)
Maxima | 78.26 (36) | 21.74 ( 10 )
Mupad | 52.17 (24) | 47.83 (22)
Giac 52.17 (24) | 47.83 (22)
Sympy | 43.48 (20) | 56.52 (26)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 78.26 21.74 0.00 0.00
Maple 56.52 34.78 0.00 8.70
Fricas 52.17 47.83 0.00 0.00
Mupad N/A 4.35 0.00 47.83
Giac 47.83 4.35 0.00 47.83
Maxima, 47.83 30.43 0.00 21.74
Sympy 43.48 0.00 0.00 56.52

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 4 100.00 % 0.00 % 0.00 %

Fricas 0 0.00 % 0.00 % 0.00 %

Giac 22 100.00 % 0.00 % 0.00 %

Maxima 10 40.00 % 0.00 % 60.00 %

Sympy 26 92.31 % 7.69 % 0.00 %

Mupad 22 77.27 % 22.73 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median

Rubi 0.22 171.02 0.52 80.00 1.00
Mathematica | 8.91 681.67 1.38 95.50 0.84

Maple 0.48 273.29 1.16 0.00 0.00
Maxima 0.31 624.44 2.61 0.00 0.00

Fricas 1.90 717.39 2.05 148.00 1.46
Sympy 0.00 0.00 0.00 0.00 0.00

Giac 0.05 46.83 0.42 0.00 0.00
Mupad 0.28 12.67 0.08 -1.00 -0.04

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

{45, Bh[10}[14)[15}[19} 20} 21} [22} [23} 27} [28}[32}[33} 37 [38) |42} |43, |44} |45 [46]}
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {6[7}[8)[12,[16][17[31[39}[41]}
Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grace: { 125,567 ) B0 1,12 13, 14,5 1, 21,2223 28,25 25,27
5 29,50, 51] 52,33 5435, 30,5735, 39 0, AT 42 43

B grade: { }
C grade: { }
F grade: { }

E
(&
S
[—

2.1.2 Mathematica

A grade: { (1281705 79) 07 13[4 5  19) 20, 21 22,23 25,2, 27 28,80, 52, B3
(55, 36,57) B8 11 12} 43, 14 45,16

B grade: { [6,8[12[16}[17, 24, 29,31} 3% 0] }

C grade: { }
F grade: { }

2.1.3 Maple
I4A__6|g}rade: { 4B}[8 [ (L0113} [14} 15} [18}[19} 220} [21} 22} 23} 27} [28), BT} 323 [33} 37} 38} [42} 43} [44} 45}

B grade: { [1,[2,[3}6}[7}[L1}[12}[16} 17} 24} [25} 26} [29} 30} 36} 41] }

C grade: { }

F grade: {34,[35[39[40] }

2.1.4 Maxima

A grade: { 45,[9}[10,[14)[15, [19} 20} 21} 22} [23}[27) [28} [32} 33} 37} 38} 42} |43} 44} 45}, (4] }
B grade: { [1}2[6,7 [L1}[12}[13} 16 [17}[18,[24 25} 29}30] }

C grade: { }

F grade: { [3}[8} (263134353639} (40}, 41] }
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2.1.5 FriCAS

A grade: { {45}[0} [0} (13} [14)[15, [18}[19}[20} 21} 22} 23} 27} 28} 32} [33) [37) [38} [42} |43} 44} 45}, 46 }
B grade: { [1}[2,[31[6} [7}/8 [L1} [12}[16}[17} 24} 25, 26} 29} (30} [31} [34, [35[36}[39} 40} 41| }

C grade: { }

F grade: { }

2.1.6 Sympy

A grade: { 55,0)/10, 14,15, 1920 23 3.2, 25,52, 53,57 55 B I3 5
B grade: { }

C grade: { }

}F grade: { (1,213,617, 8 (L1} [[2} [13, [16, [17 [18} 21} 24} 25} 26, 29} 30} 31} 34} 35} 36} 39} 4O} A 1} 4]

2.1.7 Giac

A grade: { {4[5,[9} [0} [14} 15} [1% [20, 21} [22} [23} 27} [28} 32} B3} 37} 38} (42} [43, |44} [45} [46] }
B grade: { [13}[18 }

C grade: { }
P grade: { (125,07 B 11 216,722 2526, 29,50, 51 3, 55,50 B9 0, 1 )
2.1.8 Mupad

A grade: { {[5}[9}[10}[14 [L5,[19,[20, 21} 22} 23} [27] 28} 32} 33} 37} 38} 42} 43} [44} 45} 46 }
B grade: { [13[18 }
C grade: { }

F grade: { [1}[2}[3} 6}[7} 8} L1} [12} L6} 17} 24} [25} 26, 29} 30} 31} 34} [35}[36} 3%} 40} (1] }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A B B B F F F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 227 227 218 756 995 1117 0 0 -1
N.S. 1 1.00 0.96 3.33 4.38 4.92 0.00 0.00 -0.00

time (sec) N/A 0.151 0.125 0.740 0.663 3.039 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 151 440 559 707 0 0 -1
N.S. 1 1.00 0.96 2.80 3.56 4.50 0.00 0.00 -0.01
time (sec) N/A 0.105 0.161 0.636 0.635 3.349 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 87 166 0 375 0 0 -1
N.S. 1 1.00 0.94 1.78 0.00 4.03 0.00 0.00 -0.01

time (sec) N/A 0.050 0.061 0.435 0.000 3.412 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.019 6.432 0.256 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.018 6.420 0.269 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 371 371 811 1517 3584 1940 0 0 -1
N.S. 1 1.00 2.19 4.09 9.66 5.23 0.00 0.00  -0.00
time (sec) N/A 0.321 8.566 1.096 0.947  3.444 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 262 262 505 679 1829 1151 0 0 -1
N.S. 1 1.00 1.93 2.59 6.98 4.39 0.00 0.00  -0.00
time (sec) N/A 0.222 5.713 0.874 0.695 3.411 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 134 134 330 235 0 572 0 0 -1
N.S. 1 1.00 2.46 1.75 0.00 4.27 0.00 0.00 -0.01
time (sec) N/A 0.087 5.574 0.565 0.000 2.930 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.034 29.384 0.368 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.033 27954 0.417 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 152 152 253 417 1364 537 0 0 -1
N.S. 1 1.00 1.66 2.74 8.97 3.53 0.00 0.00 -0.01
time (sec) N/A 0.227 1.534 0.760 0.687  2.525 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 119 119 528 236 393 307 0 0 -1
N.S. 1 1.00 4.44 1.98 3.30 2.58 0.00 0.00 -0.01
time (sec) N/A 0.174 6.370  0.657 0.671 3.298 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 67 67 104 76 300 104 0 274 79
N.S. 1 1.00 1.55 1.13 4.48 1.55 0.00 4.09 1.18
time (sec) N/A 0.070 0.707 0.391 0.534  3.189 0.000 0.480 0.757
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.039 7.311 0.299 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.036 5.313 0.264 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 288 288 1455 810 4460 963 0 0 -1
N.S. 1 1.00 5.05 2.81 15.49 3.34 0.00 0.00  -0.00
time (sec) N/A 0.490 7.192 0.804 1.792 3.934 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 229 229 925 453 1071 515 0 0 -1
N.S. 1 1.00 4.04 1.98 4.68 2.25 0.00 0.00  -0.00
time (sec) N/A 0.361 6.668 0.653 1.128  3.525 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 172 143 1157 192 0 850 247
N.S. 1 1.00 1.23 1.02 8.26 1.37 0.00 6.07 1.76
time (sec) N/A 0.136 1.635 0.449 0.661 3.035 0.000 0.690 5.983
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.039 14.805 0.299 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.035 17.116 0.289 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.033 0.860 0.500 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.018 6.575 0.314 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.037 0.961 0.287 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 227 227 474 756 995 1117 0 0 -1
N.S. 1 1.00 2.09 3.33 4.38 4.92 0.00 0.00 -0.00
time (sec) N/A 0.149 0.684 0.686 0.644  3.222 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 157 157 281 440 559 707 0 0 -1
N.S. 1 1.00 1.79 2.80 3.56 4.50 0.00 0.00 -0.01
time (sec) N/A 0.103 0.469 0.676 0.593  4.613 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 93 93 104 166 0 375 0 0 -1
N.S. 1 1.00 1.12 1.78 0.00 4.03 0.00 0.00 -0.01
time (sec) N/A 0.049 0.020 0.357 0.000  3.658 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.020 0.936 0.285 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.019 1.364 0.270 0.000  0.000 0.000 0.000 0.000
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Problem 29

Optimal

Maxima Fricas

Mupad

grade
verified
size
N.S.

time (sec)

A
N/A
364
1
N/A

TBD

-0.00
0.000

Problem 30

Optimal

Maxima Fricas

Mupad

grade
verified
size
N.S.

time (sec)

A
N/A
257
1
N/A

TBD

-0.00
0.000

Problem 31

Optimal

Maxima Fricas

Mupad

grade
verified
size
N.S.

time (sec)

A
N/A
131
1
N/A

TBD

-0.01
0.000

Problem 32

Optimal

Maxima Fricas

Mupad

grade
verified
size
N.S.

time (sec)

N/A
N/A
23

1
N/A

TBD

-0.04
0.000

Problem 33

Optimal

Maxima Fricas

Mupad

grade
verified
size
N.S.

time (sec)

N/A
N/A
23

1
N/A

TBD

-0.04
0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F(-2) B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 526 526 449 0 0 2373 0 0 -1
N.S. 1 1.00 0.85 0.00 0.00 4.51 0.00 0.00  -0.00
time (sec) N/A 0.738 0.968 0.294 0.000  6.700 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F(-2) B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 394 394 338 0 0 1681 0 0 -1
N.S. 1 1.00 0.86 0.00 0.00 4.27 0.00 0.00  -0.00
time (sec) N/A 0.615 0.742 0.303 0.000 4.163 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 257 257 214 516 0 1089 0 0 -1
N.S. 1 1.00 0.83 2.01 0.00 4.24 0.00 0.00  -0.00
time (sec) N/A 0.336 0.443 0.579 0.000  4.046 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.040 1.556 0.245 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.038 10.362 0.246 0.000  0.000 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F(-2) B F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 1523 1523 9005 0 0 7103 0 0 -1
N.S. 1 1.00 5.91 0.00 0.00 4.66 0.00 0.00 -0.00
time (sec) N/A 2.046 27.097 0.313 0.000  3.538 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F(-2) B F F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 1117 1117 11147 0 0 4381 0 0 -1
N.S. 1 1.00 9.98 0.00 0.00 3.92 0.00 0.00  -0.00
time (sec) N/A 1.539 22.387 0.356 0.000 3.846 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F(-2) B F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 582 582 1037 1289 0 2155 0 0 -1
N.S. 1 1.00 1.78 2.21 0.00 3.70 0.00 0.00  -0.00
time (sec) N/A 0.729 9.801 0.717 0.000 3.609 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.039 28.357 0.276 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.036 44.518 0.302 0.000  0.000 0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.033 1.727 0.385 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.018 0.478 0.281 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.038 0.610 0.241 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [6] had the largest ratio of [20]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep(f uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 11 6 1.00 18 0.333
2 A 9 5 1.00 18 0.278
3 A 7 4 1.00 16 0.250
4 A 0 0 0.00 0 0.000
5! A 0 0 0.00 0 0.000
6 A 17 9 1.00 20 0.450
7 A 14 10 1.00 20 0.500
3 A 9 6 1.00 18 0.333
9 A 0 0 0.00 0 0.000
10 A 0 0 0.00 0 0.000
11 A 9 8 1.00 20 0.400
12 A 8 7 1.00 20 0.350
13 A ) 4 1.00 18 0.222
14 A 0 0 0.00 0 0.000
15 A 0 0 0.00 0 0.000
16 A 19 10 1.00 20 0.500
17, A 17 10 1.00 20 0.500
18 A 9 5 1.00 18 0.278
19 A 0 0 0.00 0 0.000
20 A 0 0 0.00 0 0.000
21] A 0 0 0.00 0 0.000
22 A 0 0 0.00 0 0.000
23] A 0 0 0.00 0 0.000
24 A 11 6 1.00 18 0.333
25) A 9 ) 1.00 18 0.278
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 7 4 1.00 16 0.250
27 A 0 0 0.00 0 0.000
28 A 0 0 0.00 0 0.000
29 A 17 9 1.00 20 0.450
30 A 14 10 1.00 20 0.500
31 A 9 6 1.00 18 0.333
32 A 0 0 0.00 0 0.000
33 A 0 0 0.00 0 0.000
34 A 14 8 1.00 20 0.400
35 A 12 7 1.00 20 0.350
36 A 10 6 1.00 18 0.333
37 A 0 0 0.00 0 0.000
38 A 0 0 0.00 0 0.000
39 A 36 10 1.00 20 0.500
40| A 30 11 1.00 20 0.550
41 A 21 9 1.00 18 0.500
42 A 0 0 0.00 0 0.000
43 A 0 0 0.00 0 0.000
44 A 0 0 0.00 0 0.000
45 A 0 0 0.00 0 0.000
46 A 0 0 0.00 0 0.000




Chapter 3

Listing of integrals

Local contents

3.1
3.2
3.3

3.4
3.5

3.6
3.7
3.8

3.9
3.10
3.11

3.12
3.13
3.14
3.15

3.16

3.17
3.18
3.19
3.20

3.21
3.22

3.23
3.24

[(c+ dz)*(a+ asec(e + fz))dz
[(c+ dz)*(a + asec(e + fz))dz
[(c+dz)(a+ asec(e + fz))dz

J" a+asec(e+fx) dz

ctdr WL ..o

f a+asec(e+fz) dz

or dx)Q ........

[(c+dz)*(a+ asec(e + fz))?
[(c+dz)*(a+ asec(e + fz))?

[(c+ dz)(a+ asec(e + fz))*d
f (atasec(e+fz))? dz

N\_/\_/

ordz AL .o

f (a—i—a.sec(e+fz))2 dz

et gy L
[t g

a+asec(e+fx)

fde ........

a+asec(e+fx)

f%dx ........
de . .. ..

ata sec(e-l—fac)

(c+dzx) (a,+a sec(e+fz))

(ct+dzx)? (a+a sec(e+fr))

f _ (ctdx)® dz
(a+asec(e+fz))2 .......
f (c+dm dz

(a+a sec(e+fz))2 .......
J" _ ctdx d

(a+a sec(e+far:))2 """"

(ct+dz)(ata sec(e—i—fa:))2

(ct+dzx)? (a+a sec(e+fx))?

a+asec(e+fz)

[(c+ dz)3(a + bsec(e + fz))dz

da: Ce
[(c+ dz)™(a+ asec(e + fz))"dz
[(c+ dz)™(a+ asec(e + fz))d
[ gy



3.25
3.26

3.27
3.28

3.29
3.30
3.31

3.32
3.33
3.34

3.35
3.36
3.37
3.38

3.39

3.40
3.41
3.42
3.43

3.44
3.45

3.46

[(c+ dz)*(a+ bsec(e + fz)) dz
J(c+dz)(a+ bsec(e + fz)) dz

f a+bsec(e+fz) dz

otdz AT oo

f a+bsec(e+fx) dz

(ordap 0T
2 d

[(c+ dz)3(a + bsec(e + fz)
[(c+dz)*(a+ bsec(e + fz))?

[(c+ dz)(a+ bsec(e + fz))*d
f (a+bsec(e+fx))? dx

M\_/\_/

otdz @ oo

J et g

fde ........

a+bsec(e+fx)

fﬂdx ........

a+bsec(e+fz)

[l —dr ... ... ..

a+b sec(e+fw)

(c+dz) (a+b sec(e+fz))

(c+d$)2(a+§sec(e+fx)) d """
j‘ (a+ (c—i—dm) de .

bsec(e+fz))?

c+dx)?
i o G-

(a+bsec(e+fx))2?

ctdz de . ... ...
de . . . ..
de . . ..
[(c+ dz)™(a+ bsec(e + fz))"dz
[(c+ dz)™(a+ bsec(e + fz)) dx
[

(a+b sec(e+f:1:))2

(ct+dz)(a+b s.ec(e—i—fm))2

(c+dz)? (a+b sec(e+fxz))?

a+bsec(e+fx)

X
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3.1 [(c+dz)*(a+ asec(e + fx))dz

Optimal. Leaf size=227

a(c+ dzx)* 2ia(c+ dz)3ArcTan (/) 3iad(c + dz)?PolyLog(2, —ie!“**))  3iad(c + dz)?PolyLog(
d 7 " 2 ) 2

[Out] 1/4*ax(d*x+c)~4/d-2*I*a*(d*x+c) ~3*arctan(exp(I*(fxx+e)))/f+3*I*xaxd*(d*x+c)”
2xpolylog(2,-I*exp(I*(f*xx+e)))/£72-3*I*a*xd*(d*x+c) "2*xpolylog(2, I*xexp (I*(f*x

+e)) ) /f72-6%a*d~2x (d*x+c) *polylog (3, -I*exp (I* (f*x+e)))/f 3+6xa*d”~2* (d*x+c) *
polylog(3,I*exp(I*(f*x+e)))/f~3-6*%I*a*xd"3*polylog(4,-I*exp(I*(f*x+e)))/f 4+
6*Ixaxd~3*polylog(4,I*xexp(Ix(f*x+e)))/f~4

Rubi [A]
time = 0.15, antiderivative size = 227, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.333,

steps used = 11, number of rules used = 6, integrand size = 18,
Rules used = {4275, 4266, 2611, 6744, 2320, 6724}

2ia(c + dz)*ArcTan(e/“+?))  6ad?(c + dr)Liz(—ie'“*/?))  6ad?(c + dz)Liz(ie'“*/?)  3iad(c + dz)’Lis(—ie’“+/®))  3iad(c + dz)?Liz (ie"“*/?) a(c+dz)* 6iadLis(—ie'“+/?)  6iad®Lis(ie'“+/2))
7 - 7 * P * 7 - 7 T T 7 * 7

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3%(a + a*Sec[e + f*x]),x]

[Out] (a*x(c + d*x)~4)/(4*d) - ((2xI)*ax(c + d*x) " 3*ArcTan[E~(I*(e + f*x))])/f + (
(3*I)*axd*(c + d*x) 2xPolyLogl[2, (-I)*E~(I*(e + f*x))]1)/£f72 - ((3*I)*axd*(c

+ d*x) “2%PolyLog[2, I*E~(I*(e + f*x))])/f"2 - (6*axd”2*(c + d*x)*PolyLogl[3

, (FI)*E~(I*(e + f*x))]1)/£f~3 + (6*a*d™2x(c + d*x)*PolyLog[3, I*E~(I*(e + fx
x))1)/£73 - ((6%I)*axd~3+PolyLog[4, (-I)*E~(I*(e + f*x))]1)/f74 + ((6%I)*axd
~3xPolyLog[4, I*E~(Ix(e + f*xx))])/f"4

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_.)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~"n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x]1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]
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Rule 4266

Intlcscl(e_.) + Pix(k_.) + (£_.)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[-2%(c + d*x) m*(ArcTanh[E~(I*k*Pi)*E~(Ix(e + f*x))]/f), x] + (-Di
st[d*x(m/f), Int[(c + d*x)~(m - 1)*Log[l - E-(I*k*Pi)*E~(Ix(e + f*x))], xI,

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rule 6744

Int[(Ce_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ bxx)))~pl/ (bxcxpxLog[F])), x] - Dist[f*(m/(bxc*p*Logl[F])), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*(F~(cx(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rubi steps



/(c +dz)3(a + asec(e + fz)) dr = / (a(c +dz)® + a(c + dz)* sec(e + fz)) dz

Mathematica [A]
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= a(%ddx)‘L + a/(c + dz)3sec(e + fr)dx
a(c+dz)*  2ia(c+dz)®tan~! (ecT/2))  (3ad) [(c+ dz)?log (1 -
T 4 i ) f
a(c+dz)*  2ia(c+dz)tan™ (€cT?)  3iad(c + dr)*Lis(—ie'®
T4 f f?
a(c+dz)*  2ia(c+dz)3tan (e/¢T?)  3iad(c + dz)*Lip(—ie'®
N i f2
a(c+dz)*  2ia(c+dz)®tan~! (ecH/2))  Ziad(c + dz)?Liy (—ie'®
T4 i 7
a(c+dz)*  2ia(c+dz)tan (€/cT?)  3iad(c + dr)*Liy(—ie'©
T 4d f 12

time = 0.13, size = 218, normalized size = 0.96

((c +do)t _ 2ile + daf ArcTan(e/9) | 3id(f*(c +dv)*PolyLog(2, ~ie"“*/) + 2idf(c-+ da)PolyLog(3, ~ie'“+/")) ~ 2dPolyLog(, ~ie'*/9)) _3d(~if*(c-+ dz)*PolyLog(2,ie“*) + 2d(f(c + dr)PolyLog(3,ie'**/) + idPolyLog(4,ic'“* m))))
T 7

N 7

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*(a + a*Sec[e + f*x]),x]

[Out] a*x((c + d*x)~4/(4*d) - ((2*xI)*(c + d*x) 3*ArcTan[E~(I*(e + f*xx))])/f + ((3x
I)*d*x(£72x(c + d*x)~2xPolyLog[2, (-I)*E~(I*(e + f*x))] + (2*I)*d*f*(c + d*x
)*PolyLog[3, (-I)*E~(I*(e + fx*x))] - 2*d"2+PolyLog[4, (-I)*E~(I*(e + f*x))]
))/£74 + (3*d*((-I)*£~2*(c + d*x) 2+PolyLog[2, I*E~(Ix(e + fx*x))] + 2*d*(f*
(c + d*x)*PolyLog[3, I*E~(I*(e + f*x))] + Ixd*PolyLogl[4, I*E~(Ix(e + fx*x))]

)))/£74)

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 755 vs. 2(200) = 400.
time = 0.74, size = 756, normalized size = 3.33

method

result

risch

6iacd?e? arctan (ei(fm‘*e))

6ia c2de arctan (e?(/2+e)) + 6ia d?c polylog(2,—ie!(f=+€)) g __ 6ia d?cpolylog(2,ie?l/=+e)) g

f3

f? f?

f2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*(ata*sec(f*x+e)),x,method=_RETURNVERBOSE)
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[Out] 6*I*a/f~2%d"~2*c*polylog(2,-I*exp(I*(f*x+e)))*x-6%I*a/f 3xc*d 2*e"2*arctan(e
xp(I*(f*x+e)))+6xIxa/f~2*c"2xdxe*arctan (exp (I* (f*xx+e)))-6xI*a/f~2xd"2*c*pol
ylog(2,I*exp (I*(f*xx+e)))*x+6xIxaxd~3*polylog(4,Ixexp(I*(f*x+e))) /£ 4+axd~2x%
c*x”3+3/2%a*d*c”2*x"2+a*c " 3*x-6*I*a*xd~3*polylog(4,-I*xexp(I*(f*x+e)))/f~4+3%
a/fxc~2xd*1n(1-Ixexp (I* (£*x+e)))*x+3*a/f ~2xc~2xd*1n(1-I*xexp (I*(f*x+e)))*e-3
xa/f*c™2xd*x1n(1+Ixexp (I* (f*x+e)) ) *x—3*a/f~2*%c"2xd*x1n(1+I*exp (I* (f*x+e)))*e+
3*xa/fxd"2*c*1ln(1-I*xexp (I*(f*x+e)))*x~2-3*a/f*d"2*c*x1ln(1+I*exp (I*(f*x+e)))*x
~2-3*a/f"3*e"2xcxd"2x1n(1-I*exp (I*(f*x+e)))+3*a/f~3*xe"2xcxd~2x1n(1+I*exp (I*
(f*x+e)) ) +3xIxa/f"2%c~2xd*polylog(2,-I*exp(I*(f*x+e)))-3xI*a/f~2*d"3*polylo
g(2,Ixexp(I* (fxx+e)))*x"2+3xI*a/f~2+xd~3*polylog(2,-I*exp (I*(f*x+e)) ) *x™2+2%
Ixa/f~4*d"3*e"3*arctan(exp (I*(f*x+e)))-3*I*a/f~2*c~2*d*polylog(2, I*xexp (I*(f
xx+e)))-2*I*a/fxc”3*arctan(exp(I*(f*x+e)))+1/4*a*d”~3*x"4+1/4%a/d*c~4-6%a/f~
3*d"3xpolylog(3,-Ixexp (I*(f*x+e)))*x-a/f 4xe~3*%d"3*1n(1+Ixexp (I*(f*x+e)))+a
/f~4%e”3*d"3*1n(1-I*exp(I*(f*x+e)))+6%a/f~3*d"3*polylog(3, I*xexp(I* (f*x+e)))
*xx—6%*a/f~3*d"2*c*polylog(3,-I*exp (I*(f*x+e)))+6*a/f~3*xd"2*c*polylog(3, I*exp
(Ix(f*xx+e)))+a/f*d"3*1n(1-I*exp (I* (fxx+e)))*x"3-a/f*d"3*1n(1+I*exp (I* (f*x+e
)))*x~3

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 995 vs. 2(194) = 388.
time = 0.66, size = 995, normalized size = 4.38

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(ataxsec(f*x+e)),x, algorithm="maxima")

[Out] 1/4x(4*x(f*x + e)*a*xc™3 + (fxx + e) 4*a*d~3/f73 + 4*x(f*x + e) 3*xaxcxd~2/f"2
+ 6x(fxx + e) 2xa*xc”2xd/f - 4x(f*x + e) 3*kaxd"3xe/f"3 - 12x(f*x + e) 2*axc*
d~2xe/f"2 - 12x(f*x + e)*axc”2xd*e/f + 4xaxc”3*log(sec(f*x + e) + tan(f*x +
e)) - 12xaxc”2*d*exlog(sec(f*x + e) + tan(f*x + e))/f + 6x(f*xx + e) " 2xaxd”
3%xe”2/£73 + 12%(f*x + e)*akxckd™2xe”2/f72 + 12*%axcxd~2*e”2xlog(sec(f*x + e)
+ tan(fxx + e))/f72 - 4x(f*x + e)*axd"3*e”"3/f"3 - 4*a*xd~3*e"3*log(sec(f*x +
e) + tan(f*x + e))/f73 + 2% (12xIxa*xd~3*polylog(4, Ixe” (I*f*x + Ixe)) - 12%
I*xa*d~3*polylog(4, -Ixe~(Ixf*x + Ixe)) — 2% (I*(fxx + e) 3*a*d~3 + 3*(Ixaxc*
d~2xf - I*xaxd~3*e)*(f*x + e)~2 + 3k (I*a*xc™2xd*xf~2 - 2xIxaxc*d 2xfxe + I*axd
~3*e"2) % (f*x + e))*arctan2(cos(f*x + e), sin(f*x + e) + 1) - 2% (I*(f*x + e)
“3xa*xd”3 + 3x(I*axcxd~2*f - Ixaxd~3*e)*(fxx + e)~2 + 3x(I*kaxc™2xd*f~2 - 2xI
*axcxd~2xfxe + Ixaxd"3xe~2)*(fxx + e))*arctan2(cos(f*x + e), -sin(f*x + e)
+ 1) - 6x(Ix(f*x + e) 2%axd™3 + Ixaxc™2*d*f~2 - 2*Ikakxcxd~2xf*e + Ixaxd~3*e
"2 + 2% (Ixa*ckd™2xf - I*xaxd"3xe)*(f*x + e))*dilog(Ixe” (Ixf*x + Ixe)) - 6%(-
Ix(fxx + e) 2%a*d™3 - I*a*xc™2xd*xf~2 + 2xIxaxc*d 2xfxe — I*axd"3xe”2 + 2x(-I
*xaxcxd~2xf + I*xaxd"3*e)*(f*x + e))*dilog(-Ixe~ (I*f*x + I*e)) + ((f*x + e)73
*axd~3 + 3x(axcxd™2xf - axd"3xe)*(f*xx + e)”2 + 3kx(axc™2*d*f~2 - 2¥akxckd”2xf
xe + a*d"3*xe”2)*(f*x + e))*log(cos(f*x + e)~2 + sin(f*x + e)~2 + 2xsin(f*x



41

+e) +1) - ((f*x + e)~3*%a*xd"3 + 3*(axc*d™2xf - a*d~3*e)*(f*x + e)~2 + 3x(a
*xCT2xd*f"2 - 2%akxckd"2xfxe + axd"3xe”2)x(f*x + e))*log(cos(f*x + e)”2 + sin
(fxx + e)72 - 2xsin(f*x + e) + 1) + 12+%((f*x + e)*axd™3 + akcxd™2+f - axd”~3
*xe)*polylog(3, Ike” (I*f*x + Ixe)) - 12%((f*x + e)*a*xd”3 + axcxd~2*f - axd~3
*e)*polylog(3, -Ixe”(Ixfxx + Ixe)))/f"3)/f

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 1117 vs. 2(194) = 388.
time = 3.04, size = 1117, normalized size = 4.92

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(ata*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/4*x(a*xd"3*f"4%x"4 + 4*axc*d~2+f~4*x"3 + 6xaxc™2xd*xf~4*x"2 + 4*xaxc™3xf 4*x
+ 12%Ixaxd~3*polylog(4, Ixcos(f*x + e) + sin(f*x + e)) + 12*I*axd~3*polylog
(4, Ixcos(f*x + e) - sin(f*x + e)) - 12xIxaxd~3*polylog(4, -Ixcos(f*x + e)
+ sin(f*x + e)) - 12xIka*d~3*polylog(4, -I*cos(f*x + e) - sin(f*x + e)) - 6
*x (I*a*d™3*f"2%x72 + 2*I*a*xc*d~2+f"2%x + Ixaxc~2xd*f~2)*dilog(I*cos(f*x + e)
+ sin(f*x + e)) - 6%(Ixaxd~3*f72xx"2 + 2xIxaxckxd 2xf~2%x + DIkakc™2kd*f~2)x*
dilog(I*cos(f*x + e) - sin(f*x + e)) - 6x(-I*a*xd 3*xf72%x"2 - 2xIxa*xckd 2xf~
2xx - Ixa*xc™2xd*xf~2)*xdilog(-I*cos(f*x + e) + sin(f*x + e)) - 6x(-I*a*xd 3*f~
2%x"2 - 2*Ikaxcxd"2*f"2xx - I*akxc 2xd*xf~2)*dilog(-I*cos(f*x + e) - sin(f*x
+ e)) + 2x(a*xc™3*%f73 - 3xaxc”2xd*f"2%e + 3xaxckxd"2xfxe”2 - axd~3*e”3)*log(c
os(f*x + e) + Iksin(f*x + e) + I) - 2x(axc™3*f73 - 3ka*xc™2*kd*f"2%e + 3xakc*
d~2xf*e”2 - axd~3*e”3)*log(cos(f*x + e) - I*sin(f*x + e) + I) + 2x(a*xd~3*f~
3*xx"3 + 3xaxckd 2*f73*x72 + 3kaxcT2*d*xf"3xx + 3kaxcT2*xd*xf"2%e — 3kakxckd 2*f
*e"2 + axd~3*e”~3)*log(Ixcos(f*x + e) + sin(f*x + e) + 1) - 2%(axd~3*f~3*x"3
+ 3%akxckd"2*f73%x72 + 3%akxcT2xd*f"3%x + 3kakxc”2xd*f"2%e - 3Jkaxckd 2xfxe”2
+ a*d"3xe"3)*xlog(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(axd~3*f~3*x~3 + 3%
axcxd"2xf73*%x72 + 3kaxcT2xd*f73%x + 3kaxcT2xdxf"2%e - 3kakckd"2xfxe”2 + axd
~3xe~3)xlog(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2x(axd~3*f"3*x"3 + 3*akcxk
d™2*%f73%x72 + 3xakxcT2xd*f73%x + 3kaxc 2kd*f"2xe - 3xakxckxd"2kxfxe”2 + axd"3*e
~3)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(a*c™3*f73 - 3kaxc™2*d*f 2%
e + 3kakxckd"2*f*e”2 - a*d"3*e”3)*log(-cos(f*x + e) + I*sin(f*x + e) + I) -
2% (a*c™3*f73 - 3kaxc”2xd*f"2%e + 3*akxckd"2xfxe”2 - axd~3*e”3)*log(-cos(f*x
+ e) - Ixsin(f*x + e) + I) - 12%(a*d~3*f*x + akxc*d™2xf)*polylog(3, I*cos(f*
X + e) + sin(f*x + e)) + 12+(axd"3*f*x + axc*d™2*xf)*polylog(3, I*cos(f*x +
e) - sin(f*x + e)) - 12x(a*d™3*f*x + akxcxd~2xf)*polylog(3, -I*cos(f*x + e)
+ sin(f*x + e)) + 12x(axd"3*f*x + axc*d~2*f)*polylog(3, -I*cos(f*x + e) - s
in(f*x + e)))/f"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a(/ cdz+ /c3 sec (e + fz)dx + /d3z3 dz + / 3cd?x? dx + /3czdz dz + / d*x® sec (e + fz)dz + /3cd2x2 sec (e + fr)dr + /302dx sec (e + fzx) dz>
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(ataxsec(f*x+e)),x)

[Out] a*(Integral(c**3, x) + Integral(c*x3*sec(e + f*x), x) + Integral (dx*3*x**3,
x) + Integral (3*c*d**x2*x*x2, x) + Integral (3*c**2*d*x, x) + Integral (d**3x
x*x*3*sec(e + f*x), x) + Integral (3xcxd**2*x**2xsec(e + f*x), x) + Integral(

3kcxx2kd*xx*sec(e + f*x), x))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(ata*sec(f*x+e)),x, algorithm="giac")
[Out] integrate((d*x + c)~3*(axsec(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ <a+ m> (c+dz)’de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))*(c + d*x)~3,x)

[Out] int((a + a/cos(e + f*x))*(c + d*x)~3, x)
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3.2 [(c+ dz)*(a+ asec(e + fx))dz

Optimal. Leaf size=157

a(c+ dzx)® 2ia(c+ dz)?ArcTan(e'*/*)) 2iad(c + dz)PolyLog(2, —ie'*/®)  2iad(c + dz)PolyLog(2,
3d 7 " 7 ) Iz

[Out] 1/3%ax(d*x+c)”~3/d-2*I*a*(d*x+c) 2*arctan(exp(I*(fxx+e)))/f+2xI*xaxd*(d*x+c)*
polylog(2,-I*xexp(I*(fxx+e)))/f~2-2xI*axd* (d*x+c)*polylog(2,Ixexp (I*(f*x+e))

) /£72-2xaxd~2xpolylog(3,-I*exp (I*(f*x+e)))/f~3+2%a*d~2*polylog(3,I*xexp (I*(£f
*x+e)))/f73

Rubi [A]

time = 0.11, antiderivative size = 157, normalized size of antiderivative = 1.00, number of

number of rules _ ( 97g
integrand size ’

steps used = 9, number of rules used = 5, integrand size = 18,
Rules used = {4275, 4266, 2611, 2320, 6724}

2ia(c + dz)?ArcTan (e!¢+/2) . 2iad(c + dz)Liz (—ie!©+)  2iad(c + dz)Liz (ie¢+/)  a(c+dx)®  2ad?Liz(—ie’c+f) + 2ad?Lis (iel¢+/2)
f f? 12 3d 73 75

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2%(a + a*Sec[e + f*x]),x]

[Out] (ax(c + d*x)~3)/(3*d) - ((2*xI)*ax(c + d*x) 2*ArcTan[E~(I*(e + f*x))])/f + (
(2xI)*axd*(c + d*x)*PolyLog[2, (-I)*E~(I*(e + £*x))])/f"2 - ((2xI)*axd*(c +
d*x)*PolyLog[2, I*E~(Ix*(e + f*x))])/f~2 - (2%a*d~2*PolyLog[3, (-I)*E~(Ix*(e

+ £*xx))])/£73 + (2xaxd~2xPolyLog[3, I*E~(I*(e + f*x))])/f"3

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)))~n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 4266

Int[cscl(e_.) + Pi*x(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2x(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*x(e + f*x))1/f), x] + (-Di
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st[d*x(m/f), Int[(c + d*x)~(m - 1)*Log[l - E~(I*k#Pi)*E~(Ix(e + f*x))], x],
x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))

1, x1, x1) /; FreeQl{c, 4, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“n, x],

x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d

, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

/(c +dz)?*(a + asec(e + fz))dr = / (a(c+dz)* + a(c + dz)* sec(e + fz)) dz

3
= W +a /(c + dz)?sec(e + fr)dx

_a(c+dr)®  2ia(c+dx)’tan”! () (2ad) [(c+ dz)log (1 -
- 3d f 7
_a(c+dz)®  2ia(c+ dx)? tan! (eX“H))  iad(c + da)Lip (—ie e
B 3d f f2
_alc+dz)®  2ia(c+dz)’tan” (efe+f2))  24ad(c + dz)Lis (—ie'ctf?
B 3d f f2
_a(c+dr)®  2ia(c+dx)’tan”! (&) 2dad(c + da)Liy (—ie!H/
-~ 3d f 72

Mathematica [A]
time = 0.16, size = 151, normalized size = 0.96

((c +dz)? _ 2i(c+ dx)zArcTan(e’(e”’”)) . 2id(f(c + dz)PolyLog(2, 72’6‘(””)) + idPolyLog(3, 71'61(””))) + 2d(—if(c+ dz)PolyLog(2, ie’(”f’)) + dPolyLog(3, ie“e*f"))) )

Sd f f3 f3
Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2x(a + a*Sec[e + f*x]),x]

[Out] a*x((c + d*x)~3/(3*d) - ((2*xI)*(c + d*x) " 2*ArcTan[E~(I*(e + f*x))])/f + ((2%
I)*d*(fx(c + d*x)*PolyLogl[2, (-I)*E~(Ix*(e + f*x))] + I*d*PolyLog[3, (-I)*E~
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(Ix(e + £xx))]1))/£7°3 + (2xd*x((-I)*f*(c + d*x)*PolyLog[2, I*E~(Ix(e + f*x))]
+ d*PolyLog[3, I*E~(I*x(e + f*x))]))/f"3)

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 439 vs. 2(138) = 276.
time = 0.64, size = 440, normalized size = 2.80

method | result

4iacde arctan(ei(f1+e)) 2acdln(1—iei(f””+e))e ad? ln(l—i—iei(f””’Le))x2

; d?z® 2 2 3
risch %-I—adcx tacit+ %5 + 72 + 72 — 7

2iacc

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2x(at+a*sec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/3*a*d~2*x~3+axd*ckx~2+axc~2*x+1/3%a/d*c~3+2*%I*a/f~2*c*d*polylog(2,-I*exp(

Ix(f*x+e)))+2xa/f~2+cxd*1ln(1-I*xexp (I* (f*x+e)))*e-a/f*d"2*1n(1+I*exp (I* (f*x+
e)) ) *x"2+4xI*a/f"2xcxd*e*arctan (exp (I*(f*x+e)))-2*a*d~2*polylog(3,-I*exp(I*
(fxx+e))) /£~3+2*axd~2*polylog(3, I*exp(I*(f*xx+e)))/£~3-2%a/f*cxd*1n(1+I*exp(
Ix(fxx+e)))*x+a/f*d"2+1n(1-I*exp (I* (f*x+e)))*x"2+2%a/f*cxd*x1n(1-Ixexp (I* (f*
x+e)) ) *x+2*I*xa/f~2xd"2*polylog(2,-I*exp (I*(f*xx+e)))*x-2%I*a/f " 2*c*kd*polylog
(2,Ixexp(I*(f*x+e)))-a/f"3*%e"2%d"2*1n(1-I*exp (I* (f*x+e)))-2*I*a/f"3*d"2*e"2
*xarctan (exp (I* (f*x+e)))-2xIxa/f*c " 2*arctan(exp (I*(f*x+e)))-2%a/f " 2xcxd*1n(1
+I*xexp(I*(fxx+e)))*e-2*I*a/f~2xd"2*polylog(2,I*exp(I*(f*x+e)))*x+a/f"3*e"2x
d~2x1n(1+I*exp(I*(f*x+e)))

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 559 vs. 2(134) = 268.
time = 0.64, size = 559, normalized size = 3.56

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/6%(6x(f*xx + e)*a*c™2 + 2% (f*x + e) " 3xa*xd™2/f"2 + 6x(f*x + e) 2xaxcxd/f -

6% (f*x + e) 2xaxd"2*e/f~2 - 12x(f*x + e)*axcxd*e/f + 6xaxc”2*log(sec(f*x +
e) + tan(f*x + e)) - 12*xaxcxd*exlog(sec(f*x + e) + tan(f*x + e))/f + 6*%(f*x
+ e)*axd"2xe"2/f72 + 6xaxd"2xe"2xlog(sec(f*x + e) + tan(f*x + e))/f72 + 3%
(4*xa*xd~2*polylog(3, Ixe~(I*xf*x + I*e)) - 4*a*xd 2*polylog(3, -Ike” (Ixf*x + I
*e)) — 2x(Ix(f*x + e) 2%axd”™2 + 2x(I*axckd*f - Ixa*xd™2%e)*(f*x + e))*arctan
2(cos(f*x + e), sin(fxx + e) + 1) - 2x(I*(f*xx + e) 2%axd™2 + 2x(I*axcxd*f -
Ixaxd~2*e) *(f*x + e))*arctan2(cos(f*x + e), -sin(f*x + e) + 1) - 4x(I*(f*x
+ e)*axd~2 + Ikaxcxd*xf - I*axd~2%e)*dilog(Ixe”(Ixfxx + I*e)) - 4*(-Ix(f*x
+ e)*axd~2 - Ikaxcxd*f + I*axd~2%e)*dilog(-Ixe” (I*f*x + Ixe)) + ((fxx + e)~
2%a*xd~2 + 2% (axc*d*xf - a*d"2xe)*(f*x + e))*log(cos(f*x + e)"2 + sin(f*x + e
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)72 + 2ksin(f*xx + e) + 1) - ((fxx + e)"2%a*d™2 + 2k (axckd*f - a*xd™2xe)*(f*x
+ e))*log(cos(f*x + e)~2 + sin(f*x + e)”2 - 2xsin(f*x + e) + 1))/£72)/f

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 707 vs. 2(134) = 268.
time = 3.35, size = 707, normalized size = 4.50

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*(at+a*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/6%(2*%a*d~2*xf~3%x"3 + 6xa*xc*kd*f~3*xx"2 + 6*axc”2*f 3*x - 6*a*d~2*polylog(3,
Ixcos(f*x + e) + sin(f*x + e)) + 6*axd”2*polylog(3, Ixcos(f*x + e) - sin(f
*x + e)) - 6xaxd”~2*polylog(3, -Ixcos(f*x + e) + sin(f*x + e)) + 6*a*xd™2*xpol
ylog(3, -Ixcos(f*x + e) - sin(f*x + e)) - 6% (I*axd 2xf*x + Ixaxc*d*f)*dilog
(Ixcos(f*x + e) + sin(f*x + e)) - 6% (I*a*d 2xfxx + I*kaxcxd*f)*dilog(I*cos(f
*x + e) - sin(f*x + e)) - 6x(-Ixa*d 2xfxx — Ikaxckxd*f)*dilog(-I*cos(f*x + e
) + sin(f*xx + e)) - 6x(-I*axd"2xf*x - Ixaxc*d*f)*dilog(-I*cos(f*x + e) - si
n(f*x + e)) + 3k(axc”™2xf"2 - 2¥akxckdxfxe + axd"2xe”2)*log(cos(f*x + e) + Ix
sin(fxx + e) + I) - 3x(a*c™2xf72 - 2xaxckd*f*e + axd"2+e”2)*log(cos(f*x + e
) - Iksin(fxx + e) + I) + 3*(a*xd™2*f72%x"2 + 2xakckd*f~2%x + 2¥axcxd*xf*e -
axd~2xe"2)*xlog(I*cos(f*x + e) + sin(f*xx + e) + 1) - 3% (a*d™2*xf72xx"2 + 2%ax
ckd*f~2xx + 2kaxcxdxf*e - axd"2+e”2)*log(I*cos(f*x + e) - sin(f*x + e) + 1)
+ 3x(axd™2*f"2%x"2 + 2kakxckd*f"2%x + 2xaxckd*fxe - axd~2*e”2)*log(-I*cos(f
*x + e) + sin(f*x + e) + 1) - 3*(a*xd™2xf72%x"2 + 2kakckd*f~2%x + 2kakckd*fx*
e - axd"2*e"2)*xlog(-I*cos(f*x + e) - sin(f*x + e) + 1) + 3*x(axc™2xf"2 - 2xa
xcxd*xf*e + axd~2*e”2)*log(-cos(f*x + e) + I*sin(f*x + e) + I) - 3*(axc™2*f~
2 - 2xaxc*d*xfxe + a*d"2*xe"2)*log(-cos(f*x + e) - I*sin(f*x + e) + I))/f"3

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

a(/czdx—f—/czsec(e—i—fx)dx—i—/d2a:2dx—|—/2cdxdx+/d2x2sec(e+fz)dz+/2cdzsec(e+fz)dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*(ata*xsec(f*x+e)),x)

[Out] a*(Integral(c**2, x) + Integral(c**2xsec(e + f*x), x) + Integral (d**2*x**2,
x) + Integral(2*c*d*x, x) + Integral (d**2*x**2xsec(e + f*x), x) + Integral
(2xcxd*x*sec(e + f*x), x))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(at+a*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) 2*(a*sec(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ <a+ m> (c+dz)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))*(c + d*x)~2,x)

[Out] int((a + a/cos(e + f*x))*(c + d*x)~2, x)
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3.3 [(c+dz)(a+ asec(e + fz))dx

Optimal. Leaf size=93

a(c+ dzx)? 2ia(c+ dz)ArcTan(ef“*/2)) iadPolyLog(2, —ie'“**)) iadPolyLog(2,ie'**/*))
2d f + £2 - 72

[Out] 1/2*ax(d*x+c)~2/d-2*I*a*(d*x+c)*arctan(exp(I*(f*x+e)))/f+I*a*d*polylog(2,-I
xexp (I*(f*x+e))) /f~2-I*a*xd*polylog(2,I*exp(I*(f*xx+e)))/f"2

Rubi [A]
time = 0.05, antiderivative size = 93, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 7, number of rules used = 4, integrand size = 16,
Rules used = {4275, 4266, 2317, 2438}
2ia(c + dz)ArcTan (e!(¢t/2) N a(c+ dx)? N iadLip (—ie’©t®))  jadLi, (ie'¢+/®)

f 2d f? f?

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + a*Sec[e + f*x]),x]

[Out] (ax(c + d*x)~2)/(2*d) - ((2xI)*a*x(c + d*x)*ArcTan[E~(I*(e + f*x))]1)/f + (I*
axdxPolyLog[2, (-I)*E~(I*(e + f*x))]1)/f"2 - (I*a*d*PolyLog[2, I*E~(I*(e + f
*xx))]1)/£72

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m* (ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk#Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQ[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, 0]

Rule 4275



49

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])“n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] &% IGtQ[n, 0]

Rubi steps

/(c +dz)(a + asec(e + fz))dx = /(a(c +dz) + a(c+ dx) sec(e + fz)) dz

2
= % +a/(c+dw)sec(e+fx)dw
_a(c+dz)?  2ia(c+dx) tan~! (e¢+/2))  (ad) [log (1 — ie“*/?) g
- 2d f I

. . log(1—iz

_a(c+dz)?  2ia(c+ dz)tan~! (D) N (iad)Subst ( [0 gy
B 2d f f2
_a(c+dx)?  2ia(c+ dz)tan™! (eHD) N iadLiy (—iee*f2))  jadL
2 f 7

Mathematica [A]
time = 0.06, size = 87, normalized size = 0.94

a(f(fz(2c+ dz) — 4i(c + dr)ArcTan(e**/*))) + 2idPolyLog(2, —ie'*/*)) — 2idPolyLog|(2, ie'“*/*)))
212

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)*(a + a*Secl[e + f*x]),x]

[Out] (ax(£f*(f*xx*(2*c + d*x) - (4xI)*(c + d*x)*ArcTan[E~(Ix(e + f*x))]) + (2*I)*d
*PolyLog[2, (-I)*E~(I*(e + f*x))] - (2*I)*d*PolyLog[2, I*E~(Ix(e + f*x))]))
/(2%£72)

Maple [B] Both result and optimal contain complex but leaf count of result is larger than

twice the leaf count of optimal. 165 vs. 2(80) = 160.
time = 0.44, size = 166, normalized size = 1.78

method result

- iet(fz+e) _aoi(frte)) 1,

_ade In(sec(fr+e)+tan(fate)) ad( (fz+e) 1n(1+ze7’ )+(fa:+e) ln(l ie )+'L dilo

deri ivedivid acln(sec(fz+e)+tan(fz+e)) + + i
erivativedivides 7

d( =(fz+e)In(14ie?(FT+E)) 4 (frte)In(1—iet(fZ+E)) i qil
defaul ac1n(sec(fx+e)+tan(fx+e))—adeln(sec(fz+fe)+tan(fz+e))~|—a (zUetein(1tio J+ate)in(i-ie 7 )+idilo
efault 7
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risch ad x> + acz — 2iacarctan(ei(fm+e)) i adln(l—i—iei(f’”"'e))x _ adln(l—l—iei(fm"’e))e adln(l—iei(fm"’e))x
2 f f f? f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(at+axsec(f*x+e)),x,method=_RETURNVERBOSE)

[Out] 1/f*(axc*ln(sec(f*x+e)+tan(f*x+e))-a/f*d*exln(sec(f*x+e)+tan(f*xx+e))+a/f*xd*
(- (f*x+e) *1n(1+I*exp(I* (f*x+e)))+(f*x+e) *1n(1-I*xexp (I*(f*x+e)))+I*dilog(1+I

*xexp (I*(f*x+e)))-Ixdilog(1-I*exp(I*(f*x+e))))+a*ck(f*x+e)-a/fxd*xe*(fxx+e)+1
/2%a/f*xd* (f*x+e) ~2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x, algorithm="maxima")

[Out] 1/2*%(a*xd*f*x"2 + 2%axc*xf*x + 4xaxdxfxintegrate((x*cos(2*xf*x + 2%e)*cos(f*x
+ e) + x*sin(2%f*x + 2%e)*sin(f*x + e) + x*xcos(f*x + e))/(cos(2*f*x + 2%e)”

2 + sin(2*xf*x + 2*e)~2 + 2*cos(2xf*x + 2xe) + 1), x) + axcxlog(cos(f*x + e)

“2 + sin(f*x + e)72 + 2*sin(f*x + e) + 1) - a*xcxlog(cos(f*x + e)~2 + sin(fx*

X + e)”2 - 2%sin(f*xx + e) + 1))/f

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 375 vs. 2(76) = 152.
time = 3.41, size = 375, normalized size = 4.03

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x, algorithm="fricas")

[Out] 1/2*%(a*d*f~2*xx"2 + 2*kaxcxf~2*x - Ixaxd*dilog(I*cos(f*x + e) + sin(f*x + e))
- Ixaxd*dilog(I*cos(f*x + e) - sin(f*x + e)) + I*axdxdilog(-I*cos(f*x + e)

+ sin(f*x + e)) + I*axdxdilog(-I*cos(f*x + e) - sin(f*x + e)) + (a*xc*f - a
xdxe)*log(cos(f*x + e) + I*sin(f*x + e) + I) - (axcxf - a*xd*e)*log(cos(f*x
+ e) - Ixsin(f*x + e) + I) + (axd*fxx + axd*e)*log(I*cos(f*x + e) + sin(fx*x

+ e) + 1) - (axdxfxx + axdxe)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + (ax
dxfxx + axdxe)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - (axd*f*x + axd*e)x*
log(-I*cos(f*x + e) - sin(f*x + e) + 1) + (axcxf - axdxe)*log(-cos(f*x + e)

+ Ixsin(f*x + e) + I) - (axcxf - a*d*e)*log(-cos(f*x + e) - I*sin(f*x + e)

+ 1))/£72
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a(/cdx—l—/csec(e-l—fx)dz—i—/dxdx—l—/dxsec(e-l—fx)dz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(ata*sec(f*x+e)),x)
[Out] a*(Integral(c, x) + Integral(c*sec(e + f*x), x) + Integral(d*x, x) + Integr

al(d*x*sec(e + f*x), x))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+ta*sec(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)*(axsec(f*x + e) + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(a+m) (c+dz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))*(c + d*x),x)

[Out] int((a + a/cos(e + f*x))*(c + d*x), x)
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3.4  [oreltia) gy

Optimal. Leaf size=21

Int(a + asec(e + fx) ’ x)
c+dx

[Out] Unintegrable((at+a*sec(f*x+e))/(d*x+c),x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/a+asec(e+fx) i
c+dx

Verification is not applicable to the result.
[In] Int[(a + a*Sec[e + f*x])/(c + d*x),x]

[Out] Defer[Int] [(a + a*Sec[e + f*x])/(c + d*x), x]
Rubi steps

/a+asec(e+fz) dx:/a-l—asec(e—l—fz) i
c+dx c+dz

Mathematica [A]
time = 6.43, size = 0, normalized size = 0.00

/a-l—asec(e—l—fa:) i
c+dz

Verification is not applicable to the result.

[In] Integrate[(a + a*Sec[e + f*x])/(c + d*x),x]
[Out] Integratel[(a + a*Secl[e + f*x])/(c + d*x), x]
Maple [A]

time = 0.26, size = 0, normalized size = 0.00

/a+asec(fx+e) d
dr +c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((at+a*sec(f*x+e))/(d*x+c),x)
[Out] int((at+axsec(f*x+e))/(d*x+c),x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e))/(d*x+c),x, algorithm="maxima")

[Out] (2*a*d*integrate((cos(2*xf*x + 2%e)*cos(f*x + e) + sin(2*f*x + 2%e)*sin(f*x
+ e) + cos(fxx + e))/((d*x + c)*cos(2xfxx + 2%e)~2 + (d*x + c)*sin(2xf*xx +
2%e)”2 + dxx + 2x(d*x + c)*cos(2xf*x + 2xe) + c), x) + a*xlog(d*x + c))/d

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e))/(d*x+c),x, algorithm="fricas")

[Out] integral((a*sec(f*x + e) + a)/(d*x + c), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

" /sec(e+fx)dx+/ 1 i
c+dz c+dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))/(d*x+c),x)

[Out] a*(Integral(sec(e + f*x)/(c + d*x), x) + Integral(l/(c + d*x), x))

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ataxsec(f*x+e))/(d*x+c),x, algorithm="giac")

[Out] integrate((a*sec(f*x + e) + a)/(d*x + c), x)



Mupad [A]
time = 0.00, size = -1, normalized size = -0.05

/a+ cos(e+f ) dr
ct+dzr

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))/(c + d*x),x)
[Out] int((a + a/cos(e + f*x))/(c + d*x), x)

o4
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3.5  [urededdy

Optimal. Leaf size=21

a+ asec(e + fz)
ng ( (c+dz)? x)

[Out] Unintegrable((at+a*sec(f*x+e))/(d*x+c)~2,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size = 0, Iﬁ%ﬂ%ﬁ;ﬁé rslilzlgs = 0.000,

Rules used = {}

a+ asec(e + fz)
/ (c+ dx)? de

Verification is not applicable to the result.

[In] Int[(a + a*Sec[e + f*x])/(c + d*x)~2,x]

[Out] Defer[Int] [(a + a*Sec[e + f*x])/(c + d*x)~2, x]
Rubi steps

a+asec(e+ fx) [ a+asec(e+ fr)
/ (c+ dx)? de = / (c+ dx)? dz

Mathematica [A]
time = 6.42, size = 0, normalized size = 0.00

a+ asec(e + fz)
/ (c+ dz)? dz

Verification is not applicable to the result.

[In] Integratel[(a + a*Secl[e + f*x])/(c + dx*x)~2,x]
[Out] Integratel[(a + a*Secl[e + f*x])/(c + d*x)~2, x]
Maple [A]

time = 0.27, size = 0, normalized size = 0.00

/a+asec(fx+e) d
(dz + c)®

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atax*sec(f*x+e))/(d*x+c)~2,x)

[Out] int((ataxsec(f*x+e))/(d*x+c)”2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e))/(d*x+c)~2,x, algorithm="maxima")

[Out] (2*(a*d™2*x + a*c*d)*integrate((cos(2xf*x + 2%e)*cos(f*x + e) + sin(2*f*x +
2xe)*sin(f*xx + e) + cos(f*x + e))/(d"2*x"2 + 2%ckd*x + (d™2%x"2 + 2xc*d*x
+ c72)*xcos(2*f*x + 2xe)”2 + (d72*x"2 + 2*cxd*x + c”2)*sin(2*f*x + 2xe)”2 +
c”2 + 2%(d72%x"2 + 2xcxdxx + c”2)*cos(2*fxx + 2%e)), x) - a)/(d"2*x + c*d)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((a*sec(f*x + e) + a)/(d"2%x"2 + 2%c*d*x + c~2), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

sec (e + fz) / 1
¢ (/ c + 2cdz + d?a? dz+ e + 2cdx + d?x? dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))/(d*x+c)**2,x)
[Out] a*x(Integral(sec(e + f*x)/(c**2 + 2xckxd*x + d**2*x**2), x) + Integral(1l/(c*x

2 + 2kckdkx + dx*2%xx**2), X))

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e))/(d*x+c)~2,x, algorithm="giac")



[Out] integrate((axsec(f*x + e) + a)/(d*x + c)~2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.05

@+ Lo
/ cos(e+f2x) dr
(c+dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))/(c + d*x)~2,x)
[Out] int((a + a/cos(e + f*x))/(c + d*x)~2, x)

o7
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3.6 [(c+dz)*(a+ asec(e + fz))* dz

Optimal. Leaf size=371

ia®(c+dz)® a*(c+dx)* 4ia®(c+ dr)®ArcTan(e!cT?)) 3a%d(c+ dz)?log (1 + (/) 6ia’d(c+ c
7 a 7 ’ Iz "

[Out] -Ixa~2*(d*x+c) ~3/f+1/4*a~2*(d*x+c) ~4/d-4*Ixa~2*(d*x+c) “3*arctan(exp (I (f*xx+
e)))/f+3*a~2*d* (d*x+c) “2*1n(1+exp (2*xI* (fxx+e))) /£72+6%I*a~2*d* (d*x+c) ~2*pol
ylog(2,-I*xexp(I*(f*x+e)))/f72-6*%I*a"~2*d* (d*x+c) "2*polylog(2, I*exp (I*(f*x+e)
))/£72-3%I*a~2xd~2* (d*x+c) *polylog(2,-exp (2*I* (f*x+e)))/f~3-12*%a~2xd~2* (d*x
+c)*polylog(3,-Ixexp (I*(f*x+e)))/f~3+12*%a"2xd~2* (d*x+c)*polylog(3, I*xexp (I*(
fxx+e)))/£73+3/2*%a"2xd"3*polylog(3,-exp (2*I* (f*x+e)))/f~4-12%I*a~2*d"3*poly
log(4,-Ixexp(I*(f*x+e)))/f74+12xIxa~2xd"3*polylog(4,I*xexp(I*(f*x+e)))/f 4+a

~2% (d*x+c) "3*tan(fxx+e) /£

Rubi [A]

time = 0.32, antiderivative size = 371, normalized size of antiderivative = 1.00, number of

steps used = 17, number of rules used = 9, integrand size = 20, Iﬁ%ﬁgﬁ;ﬁﬁ 1;1ilzlgs = 0.450,

Rules used = {4275, 4266, 2611, 6744, 2320, 6724, 4269, 3800, 2221}

dia?(c + da)ArcTan(e+9) _ 3ia%P(c + do)Lin(~e* ) _ 120°0(c+ de)Lis(=ie /) | 126%0(c + dn)Lis (i) iad(e + do)Lia (=ie ) _ Giad(c+daLia(ie'/) | 3a%d(c+ do)log (1 +6¥)  ad(et dr) tan(e + fz) _ia%(c+da) oot de)! | 3a%PLis(~e*H) | 12ia2PLiy(~ie ) | 12iatPLis(ie
g Iz g 7 7 7 7 7 ) 2 7 I3

Antiderivative was successfully verified.
[In] Int[(c + d*x)"3*(a + axSecl[e + f*x])~2,x]

[Out] ((-I)*a~2*(c + d*x)~3)/f + (a~2*(c + d*x)~4)/(4xd) - ((4xI)*a~2*(c + d*x)"3
xArcTan[E~(Ix(e + fxx))])/f + (3*a~2*d*(c + d*x) 2*Log[l + E~((2*I)*(e + fx*
x))1)/£72 + ((6%I)*a~2*d*(c + d*x) 2*PolyLog[2, (-I)*E~(Ix(e + f*x))])/f~2

- ((6*%I)*a~2xdx(c + d*x) " 2xPolyLog[2, I*E~(I*(e + f*x))])/f~2 - ((3*I)*a”2x
d~2x(c + d*x)*PolyLogl[2, -E~((2*I)*(e + f*x))])/f"3 - (12%a~2*d"2*(c + d*x)
*PolyLog[3, (-I)*E~(Ix*(e + £f*x))])/f"3 + (12*%a~2*%d"2*(c + d*x)*PolyLog[3, I
*E~(Ix(e + £xx))])/£73 + (3*a~2%d~3*PolyLog[3, -E~((2*I)*(e + fx*x))])/(2*f~

4) - ((12%I)*a~2xd"3*PolyLogl[4, (-I)*E~(I*(e + f*x))])/f~4 + ((12%I)*a~2xd~
3*PolyLog[4, I*E~(I*x(e + f*x))])/f"4 + (a"2*(c + d*x) " 3*Tan[e + f*x])/f

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[I
x((c + d*xx)~(m + 1)/(d*x(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*Ix*(e
+ f*x))/(1 + ET(2xI*x(e + f*x)))), x], x] /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4266

Int[cscl(e_.) + Pi*x(k_.) + (f_.)*(x_)]*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2x(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]1/f), x] + (-Di
st[dx(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk*Pi)=*E~(I*(e + f*x))], x],
x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Logl[l + E~(Ixk*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, ¢, d
» €, n, p}, x] & EqQ[b*d, axe]
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Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*Polylogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ bxx))) “pl/(bxc*pxLog[F])), x] - Dist[f*(m/(bxc*p*Log[F])), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rubi steps

/(c +dz)3(a + asec(e + fz))’ dr = / (a®(c+ dz)® + 2a*(c + dz)’ sec(e + fz) + a*(c + dx)®sec’(e + fz)

2 1
= % + a? /(c + dz)®sec’(e + fz) dz + (2a%) /(c + dz)? sec(e
a®(c+dz)!  4id*(c+dz)dtan~ (eCH®)  g2(c 4 dz)3tan(e + fx
T T 7 " 7
__ia*(c+dx)® N a*(c+dx)*  4did®(c+dz)’tan”" (¢H/)  6ia’d
a f 4d f
__id*(c+dx)® N a*(c+dx)*  4id®(c+dz)’tan” (efetf®)  BaZd(
B f 4d f
__id*(c+dz)® N a’(c+dz)*  4ia*(c+dz)’tan” (eftetf2))  3aZd(
f 4d f
__ia*(c+dx)® N a*(c+dz)*  4ia’(c+dz)’ tan™! (e'ef™)  Bald(
f 4d f
__id*(c+dx)® N a*(c +dx)*  4id®(c+dz)’tan” (efetf®)  BaZd(
f 4d f

Mathematica [B] Both result and optimal contain complex but leaf count is larger than
twice the leaf count of optimal. 811 vs. 2(371) = 742.
time = 8.57, size = 811, normalized size = 2.19

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~3x(a + a*Sec[e + f*x])~2,x]

[Out] (a"2*%(1 + Cos[e + f*x]) 2*Sec[(e + fxx)/2] " 4x(x*x(4*%c™3 + 6%c”~2xd*x + 4*xc*xd~
2*%x"2 + d73*x73) + (4x(c + d*x)"3*Sin[(f*x)/2])/(f*x(Cos[e/2] - Sin[e/2])*(C
os[(e + f*x)/2] - Sin[(e + f*x)/2])) + (4x(c + d*x)~3*Sin[(f*x)/2])/(f*(Cos
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[e/2] + Sin[e/2])*(Cos[(e + £f*x)/2] + Sin[(e + £*x)/2])) - ((2*I)*(6*c~2*d*
f73%x + 6*%ckd"2*%f"3%x72 + 2%d"3*%f"3%x"3 + 8*c~3*f "3*ArcTan[Cos[e + f*xx] + I
*Sin[e + fxx]] + 24%c”2*d*f 3*x*ArcTan[Cos[e + f*x] + IxSin[e + fxx]] + 24%
cxd"2xf~3*x"2*%ArcTan[Cos[e + f*x] + I*Sin[e + f*x]] + 8*%d~3*f~3*x"3*ArcTan[
Cos[e + f*x] + I*Sin[e + f*x]] + (6%I)*c~2xd*f~2*Log[l + Cos[2*(e + f*xx)] +
I*Sin[2x(e + f*xx)]] + (12*%I)*c*d~2xf~2*x*Log[l + Cos[2*x(e + fxx)] + I*Sin[
2x(e + f£xx)]] + (6%I)*d~3*xf"2+x"2*Log[1l + Cos[2x(e + fxx)] + I*Sin[2*(e + £
*x)]] + 12xd*f"2x(c + d*x) "2*PolyLog[2, I*Cos[e + fxx] - Sin[e + f*x]] - 12
*xd*xf~2%(c + d*x) 2*%PolyLog[2, (-I)*Cos[e + f*x] + Sin[e + f*xx]] + 6*ckxd™2xf
*PolyLog[2, -Cos[2x(e + f*x)] - IxSin[2*(e + f*x)]] + 6*d"3*f*x*PolyLogl[2,
-Cos[2x(e + f*xx)] - I*Sin[2x(e + f*x)]] + (24%I)*cxd~2*xf*PolyLog[3, I*Cosl[e
+ fxx] - Sin[e + f*xx]] + (24%I)*d~3xf*x*PolyLog[3, I*Cos[e + f*x] - Sin[e
+ fxx]] - (24xI)*cxd~2*f*PolyLog[3, (-I)*Cos[e + fxx] + Sin[e + f*xx]] - (24
*1)*d~3*xf*x*PolyLog[3, (-I)*Cos[e + fxx] + Sin[e + f*xx]] + (3*I)*d~3*PolyLo
g[3, —-Cos[2*(e + f*x)] - I*Sin[2x(e + f*x)]] - 24*d"3*PolyLog[4, I*Cos[e +

fxx] - Sin[e + f*x]] + 24xd"3*PolyLog[4, (-I)*Cos[e + f*x] + Sin[e + f*x]]
+ (6%I)*c~2xd*f~3*x*Tan[e] + (6%I)*cxd~2xf~3*x"2*Tan[e] + (2*%I)*d~3*f~3%x~3
*Tan[e]))/f~4))/16

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 1516 vs. 2(334) = 668.
time = 1.10, size = 1517, normalized size = 4.09

method | result size

risch Expression too large to display | 1517

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) ~3*(ataxsec(f*x+e)) 2,x,method= RETURNVERBOSE)

[Out] 12+I/f"2%a~2%d~2*c*polylog(2,-I*exp(I*(fxx+e)))*x-12xI/f"3*xa~2xcxd 2*e”~2*ar
ctan(exp(I*(fxx+e)))+12xI/f"2*a"2xc~2*d*e*arctan (exp (I* (f*xx+e)))-12%I/f 2*a
~2xd"2*c*polylog(2, I*xexp (I*(f*x+e)))*x-12%I/f"2%a~2*c*d~2*exx+3/f 2*a~2xd~3
*1n (1+Ixexp (I* (f*x+e)))*x"2-12%I*a~2*d"~3*polylog(4,-I*exp(I*(f*x+e)))/f74+1
/4%a”2xd"3xx"4+1/4*a~2/d*c”"4+12%I*a~2*xd"3*polylog (4, I*xexp (I*(f*x+e)))/f~4-2
*xI/f*a”~2%d"3xx"3-4*I/f*xa~2*c " 3*arctan(exp (I*(f*x+e)))-6/f"3*xa~2*e*d"3*1n(ex
p(2*I*(f*x+e))+1)*x+12/f"3*a~2*c*kd " 2*ex1n(exp (I* (f*x+e)))+6/f"2%a~2*c*d~2*1
n(exp (2xI* (f*x+e) ) +1) *xx+6/f " 3*a~2xe~2xcxd~2*1n (1+Ixexp (I* (f*x+e)))+6/f"3*a”
2%d~3*1n (1+I*exp (I* (f*x+e))) *exx—6/f*a~2*d"2*c*x1n (1+I*exp (I* (f*x+e)))*x"2+6
/£73%a"2xd"3*1n(1-I*exp(I* (f*x+e))) *xexx+6/f*a~2xd~2*c*1n(1-I*xexp (I* (f*x+e))
) *x72-6/f*a”~2%c”"2xd*1n (1+Ixexp (I* (f*x+e)) ) *x—6/f 3*a"2*e"2xc*d~2*1n(1-I*exp
(Ix(f*xx+e)))+6/f 2%a"2xc"2*d*1n(1-I*exp (I*(f*x+e)))*e-6/f"2%a"2xc~2*d*1n(1+
Ixexp (I*(f*x+e)))*e+3xI/f 4*a"2xe*d 3*polylog(2,-exp (2+xI* (f*x+e)))-6+I1/f 4x
a~2*%d~3*polylog(2, I*xexp(I*(f*x+e)))*e-6%I/f 2%a~2*c~2*d*polylog(2, I*xexp (I*(
fxx+e)))-6xI/f"2%a"2xd"3*polylog(2, I*exp(I*(f*x+e)))*x"2+6%I/f~2%xa~2%c ™~ 2xd*
polylog(2,-I*xexp(I*(f*x+e)))-6%I/f"3*xa~2+d"3*polylog(2,-I*exp(I*(f*x+e)))*x
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-6%I/f"4*a~2+d"3*polylog(2,-I*exp(I*(f*x+e)))*e+d*xI/f~4*a~2xd"3*e " 3*arctan(
exp (Ix(fxx+e)))—6%I/f*a~2xcxd™~2*x"2+6xI1/f " 3*a~2xd"3*e " 2*x—6xI1/f ~3*%a~2xd"3*p
olylog(2,Ixexp(I*(f*x+e)))*x+6/f*a~2xc"2xd*1n(1-I*exp (I*(f*x+e)))*x-3+xI/£"3
*a~2*c*d"2*polylog(2,-exp(2*xI* (f*x+e)))+6%I/f 2%a~2*xd"3*polylog(2,-I*exp (I*
(fxx+e)) ) *x"2-6+1/f "3*a~2xe"2xcxd~2+2/f*a~2xd"3*1n(1-I*exp (I* (f*x+e)) ) *x"3-
2/fxa~2%d"3*1n(1+I*exp (I*(f*x+e)))*x"3+3/f 4*a~2*d"3*x1n(1-I*exp (I* (f*x+e)))
*xe~2-6/f"4*xa~2+d"3*%e”~2x1n (exp (I* (f*x+e)))+12/f"3*a"~2*d"2xc*polylog(3, I*exp(
Ix(f*xx+e)))+3/£72xa~2xd"3*x1n(1-I*exp (I* (f*x+e)))*x~2-12/f"3*%a~2*d"2*c*polyl
0g(3,-Ixexp(I*(f*xxt+e)))+4*xI/f ~4*a"2xe~3*d"3+a~2xd ~2*c*x~3+3/2*a"~2*d*c~2*x"2
+a”~2%c"3*x+2/f"4*a~2%e"3*%d"3*x1n(1-I*exp (I* (f*x+e)))-12/f"3*a~2*d"~3*polylog(
3,-I*xexp(I*(f*xx+e)))*x+2*I*a”~ 2% (d~3*x"3+3*c*kd~2*xx~2+3*c~2xd*x+c~3) /f/ (exp(2
*xIx (fxx+e))+1)-3/f"4*xa~2xe~2*%d"3*1n(exp (2*I* (f*x+e) ) +1)-2/f 4*a~2%e”~3*d"3*1
n(1+I*xexp(I*x(f*x+e)))-6/f"2*%a"2xc~2*d*1n(exp(I* (f*x+e)))+3/f 4*a"~2*d"3*1n(1
+Ixexp(Ix(f*xx+e)))*e”2+12/f"3%a~2*d"3*polylog(3, I*exp(I*(f*x+e)))*x+3/f 2%a
~2xc”2xd*1n(exp (2*I* (f*x+e))+1)+6/f~4*a~2xd"3*polylog(3,Ixexp (I*(f*x+e)))+6
/f~4%a~2xd"3*polylog(3,-Ixexp (I*(f*x+e)))

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 3584 vs. 2(329) = 658.
time = 0.95, size = 3584, normalized size = 9.66

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3x(ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/4*x(4*x(f*x + e)*a~2%c”3 + (f*x + e) 4*xa~2x%d"3/f73 + 4*(f*x + e) " 3*a"2xcxd”
2/f72 + 6x(fxx + e) " 2%a~2*xc"2*d/f - 4*x(f*x + e) " 3*a"2xd"3xe/f"3 - 12*%(f*x +
e) "2*a”~2xcxd"2*e/f72 - 12x(f*x + e)*a~2xc”2*d*xe/f + 8*a~2xc”3xlog(sec(f*x
+ e) + tan(f*x + e)) - 24xa”2*c"2xdxexlog(sec(f*x + e) + tan(fxx + e))/f +
6% (fxx + e) 2%a~2xd"3*e”2/f"3 + 12*%(f*x + e)*a"2%cxd~2xe”2/f"2 + 24*a"2*c*d
~2xe"2xlog(sec(f*x + e) + tan(f*x + e))/f72 - 4x(f*x + e)*a”2xd"3*%e”~3/f73 -
8%a~2%d"3*e"3*log(sec(f*x + e) + tan(f*x + e))/f73 + 4% (4*a~2%c"3*xf73 - 12
*a " 2%c”2%d*f"2%e + 12%a"2xckd"2xf*e”2 - 4*a”"2%d"3*%e”3 - 4x((f*x + e) " 3*ka"2x*
d"3 + 3x(a”2*c*d"2xf — a”"2+%d"3*e)*(f*x + e)~2 + 3*(a”2xc"2xd*f"2 - 2%a”2*c*
d"2+fxe + a”"2%d"3*xe"2)*x(f*x + e) + ((f*x + e)"3*a"2+%d"3 + 3*(a"2*xcxd~2*f -
a~2*xd"3*%e) *x(f*x + e)"2 + 3*%(a”2%c”2xd*f"2 - 2*xa~2xckxd"2*f*e + a”~2*%d"3*e”2)*
(f*x + e))*cos(2xf*x + 2xe) + (I*(fxx + e) 3*a~2+%d"3 + 3*x(I*a~2*cxd"2+f - I
*a"2%d"3*e) k (fxx + e)”2 + 3% (I*a~2%c™2*%d*f~2 - 2xI*xa~2xcxd~2xfxe + I*a~2*d~
3xe"2) % (fxx + e))*sin(2xf*x + 2%e))*arctan2(cos(fxx + e), sin(fxx + e) + 1)
- Ax((f*x + e)~3*xa”"2*%d"3 + 3*x(a"2*c*xd"2xf - a~2*%d"3*xe)*(f*x + e)”2 + 3x(a”
2%cT2xd*f"2 - 2xa~2kckd"2*fxe + a"2%d"3xe"2)k(f*x + e) + ((f*x + e) " 3*a"2xd
~3 + 3*%(a"2*ckd"2xf - a"2xd"3xe)*(f*x + e)”2 + 3k (a"2xc"2xd*f"2 - 2*a~2*c*d
“2%fxe + a”2+%d"3xe”2)*(f*x + e))*cos(2*xfxx + 2xe) + (I*(f*x + e) 3*xa~2xd"3
+ 3% (I*xa~2kc*d"2+f — I*a~2+%d"3*xe)*(f*x + e)~2 + 3*(I*a~2xc”2*d*f~2 — 2*xI*a”
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2%ckd"2xfxe + I*xa~2xd"3*e”2)*(f*x + e))*sin(2xf*xx + 2xe))*arctan2(cos(f*x +
e), -sin(f*xx + e) + 1) + 6x((f*xx + e) 2%a"2%d"3 + a~2xc™2xd*f~2 - 2*a~2*c*
d"2+fxe + a”"2*%d"3*e"2 + 2% (a”2xcxd"2*f - a~2xd"3*e)*(fxx + e) + ((fxx + e)~
2%a~2xd”"3 + a"2xcT2xd*f"2 - 2xa~2kckd"2xfxe + a”"2*%d"3xe”2 + 2% (a~2xckd"2*f
- a”2+%d"3*e)*(f*x + e))*cos(2xf*x + 2xe) - (-I*(f*x + e) 2*xa"2xd"3 - I*a~2*
cT2%d*f"2 + 2kI*ka~2kcxd " 2xfxe - I*a~2+%d"3*e”2 + 2k (-I*xa~2xcxd~2xf + I*a~2*d
~3*e) % (f*x + e))*sin(2xfxx + 2xe))*arctan2(sin(2xf*xx + 2xe), cos(2*f*x + 2%
e) + 1) - 4x((fxx + e) 3*a"2xd"3 + 3*(a~2xcxd"2+f - a~2xd"3*e)*(f*xx + e)”~2
+ 3% (a”2xc"2xd*f"2 - 2*a"2*ckd"2xfxe + a”2xd"3*e”2)*(f*x + e))*cos(2xfxx +
2xe) - 6x((f*x + e)*a~2+%d"3 + a~2xc*d~2+f - a"2xd"3*xe + ((f*x + e)*a”~2xd"3
+ a”2xcxd"2*xf - a~2xd"3*e)*cos(2xf*x + 2xe) + (I*(f*x + e)*a”™2+%d~3 + I*a~2%
cxd"2xf - I*a~2xd"3xe)*sin(2*f*x + 2xe))*dilog(-e” (2xIxfxx + 2*I*xe)) - 12x(
(fxx + e)72xa~2%d"3 + a~2xc”2*d*f~2 - 2*%a~2*cxd~2xf*e + a~2xd"3*e”2 + 2x(a”
2%ckd"2xf - a"2xd"3xe)*(f*x + e) + ((f*x + e)"2*%a~2*%d"3 + a~2*c 2xd*f"2 - 2
*xa " 2kckd"2xf*xe + a"2xd"3*%e”2 + 2% (a”2kcxd"2xf - a~2*%d"3*e) *(f*x + e))*cos(2
*fxx + 2%e) + (I*(f*xx + e)"2%a~2%d"3 + I*a~2*c 2xd*f~2 - 2xI*xa~2xc*xd 2*f*e
+ I*a~2xd"3*%e”2 + 2x(I*a~2*c*xd~2*xf — I*a~2xd"3*e)*(f*x + e))*sin(2xf*xx + 2%
e))*dilog(I*xe” (I*xf*xx + Ixe)) + 12x((fxx + e) 2*%a"2xd"3 + a~2xc~2xd*f~2 - 2x
a~2*ckd"2*xfxe + a"2xd"3*e”2 + 2% (a”2*ckd"2xf - a"2xd"3xe)*(f*x + e) + ((f*x
+ e)72%a"2%d"3 + a"2%c 2*d*xf"2 - 2*%xa~2*ckxd"2*fxe + a"2xd"3*e”2 + 2k (a~2*cx*
d"2+f - a"2*d"3*e)*(f*x + e))*cos(2*xf*x + 2xe) - (-I*(f*x + e) 2*xa"2xd"3 -
I*xa~2%c™2%d*f"2 + 2%I*a”~2kckd " 2xfxe — I*a~2*%d"3*e”2 + 2% (-I*a~2xcxd~2xf + I
*a~2%d"3*e) *(f*x + e))*sin(2*f*x + 2xe))*dilog(-Ixe~ (Ixfxx + I*xe)) - 3*(Ix(
f*xx + e)”"2*%a"2%d"3 + I*a 2xc”2xd*f"2 - 2xI*a~2*c*xd 2xfxe + I*a~2xd"3*e”2 +
2% (I*a~2kckxd~2xf — I*a~2+%d"3*e)*(f*x + e) + (I*x(f*xx + e) 2%a~2%d"3 + I*a~2x%
CT2%d*xf"2 - 2%I*xa”~2%cxd"2*fxe + I*a~2xd"3*e”2 + 2% (I*a”2*cxd"2xf - I*a~2xd~
3ke) *x(f*x + e))*xcos(2xf*xx + 2%e) - ((f*x + e)~2%a~2*%d"3 + a~2*c ~2xd*f~2 - 2
*a"2xckd"2*%fxe + a"2%d"3*xe”2 + 2% (a”2xcxd"2*f - a~2xd"3*e)*(fxx + e))*sin(2
xfxx + 2%e))*xlog(cos(2xf*x + 2%e)”2 + sin(2*f*x + 2%e) "2 + 2*cos(2xf*x + 2%
e) + 1) - 2x(I*x(f*x + e)~3*%a~2+%d"3 + 3k (I*a~2xcxd~2xf - I*xa~2*d"3*e)*(f*x +
e)”2 + 3k (I*xa~2xc™2xd*f~2 - 2*I*a~2*c*d"2*xf*xe + I*xa~2x%d"3*xe"2)*(f*x + e) +
(Ix(f*x + e)~3*a"2+%d"3 + 3k (I*a~2*xcxd"2*f - I*a~2xd"3*e)*(fxx + e)”2 + 3x*(
I*xa~2%c™2xd*xf~2 — 2%I*xa~2xckd"2*fxe + I*a~2+%d"3*e”2) *(f*x + e))*cos(2xf*xx +
2xe) - ((f*x + e) " 3*%a"2+%d~3 + 3*(a™2xcxd"2*f - a~2xd"3*e)*(f*x + e)~2 + 3%
(a™2%c™2%d*f"2 - 2*a~2kckxd"2xfxe + a~2*%d"3*e"2) *(f*x + e))*sin(2xfxx + 2*e)
)xlog(cos(f*x + €)”2 + sin(f*x + e)72 + 2xsin(f*x + e) + 1) - 2% (-Ix(f*x +
e) "3xa~2*d"3 + 3x(-I*a~2*cxd"2*xf + I*a~2xd"3*e)*(fxx + e)~2 + 3x(-I*a~2*c"2
*d*xf~2 + 2%Ixa~2xckd"2*fxe — I*a~2+%d"3*xe”2)*(f*x + e) + (-I*(f*xx + e) 3*a”~2
*d~3 + 3k (-Ixa~2kckd"2*f + I*a~2+%d"3*e)*(f*x + e)~2 + 3*(-I*xa~2kc " 2*d*f~2 +
2%I*a~2*%ckd"2xfxe — I*a~2%d"3*e”2)*(f*x + e))*cos(2xfxx + 2xe) + ((f*x + e
)"3*%a"2+%d"3 + 3k (a"2*cxd"2*f - a"2xd"3*e) *(fxx + e)”2 + 3x(a"2kcT2*d*xf"2 -
2%a~2xc*xd"2xfxe + a"2%d"3xe"2)*x(f*xx + e))*sin(2xf*x + 2%e))*log(cos(f*x + e
)72 + sin(f*x + e)72 - 2xsin(f*x + e) + 1) + 24x(a”2*d"3*cos(2xf*x + 2xe) +
I*a~2*d"3*sin(2xf*x + 2%e) + a~2*d"3)*polylog(4, I*e” (I*f*x + Ixe)) - 24x*(
a"2*%d"3*cos (2*%f*x + 2%e) + I*a~2xd"3*sin(2xf*x + 2%e) + a~2xd"3)*polylog(4,
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-Ixe~ (Ixfxx + I*e)) - 3x(I*a~2xd"3*cos(2%f*xx + 2%e) - a~2x%d " 3*sin(2*xf*xx +
2xe) + I*a~2+%d"3)*polylog(3, -e~ (2*I*f*xx + 2%I*e)) - 24x(I*x(f*x + e)*a~2xd~
3 + I*a~2xc*xd~2xf - I*a~2*%d"3xe + (I*x(f*x + e)*...

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 1940 vs. 2(329) = 658.
time = 3.44, size = 1940, normalized size = 5.23

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(ata*sec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/4%(24xI*a~2*d"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) + sin(f*x + e)) +
24*I*a”~2xd"3*cos(f*x + e)*polylog(4, I*cos(f*x + e) - sin(f*x + e)) - 24xIx
a~2xd"3*cos(f*x + e)*polylog(4, -I*cos(f*x + e) + sin(f*x + e)) - 24*I*a~2x
d~3xcos(f*x + e)*polylog(4, -Ixcos(f*x + e) - sin(f*x + e)) - 12%(I*a~2%d"3
*f72%xx"2 + I*xa~2%xc”2*d*f"2 — I*a~2%cxd~2*xf + I*(2xa”~2kc*d"2*xf~2 - a~2+d~3*f
)*x)*cos (f*x + e)*dilog(I*cos(f*x + e) + sin(f*x + e)) - 12%(I*a~2xd~3xf~2%
X2 + I*xa”~2%c”2+d*f~2 + I*a~2xcxd"2*xf + I*x(2*xa”~2%c*d™2*xf~2 + a~2xd~3*f) *x) *
cos(f*x + e)*dilog(I*cos(f*x + e) - sin(f*x + e)) - 12%(-I*a~2%d~3*f"2%x"2
- I*a~2%c™2*d*f72 + I*a~2%cxd~2xf - I*(2*xa~2kc*d"2*%f~2 - a~2+d~3*f)*x)*cos(
f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) - 12%(-I*a~2%d"3*f"2%x"2 - I
*a"2xc”2*%d*f "2 — I*a"2%cxd"2xf - I*(2*xa”~2*kc*d"2*xf~2 + a~2%d"3*f)*x)*cos(f*x
+ e)*dilog(-Ixcos(f*x + e) - sin(f*x + e)) + 2% (2%a~2%c"3*xf"3 + 3*a~2xc™2%
d*f~2 - 2*a"2xd"3*e”3 + 3*%(2*xa"2*cxd"2xf + a~2*%d"3)*e”2 - 6*x(a"2xc " 2*d*f"2
+ a”2%c*kd"2xf)*e) *cos(f*x + e)*log(cos(f*x + e) + I*sin(f*x + e) + I) - 2%(
2%a”2%c"3%f"3 - 3%a"2%c"2*d*f"2 - 2*%a"2%d"3*e”3 + 3% (2*a"2*c*kd"2*f - a~2xd”
3)*%e”2 - 6x(a”2xc”2*xd*f"2 - a~2*ckxd"2xf)*e)*cos(f*x + e)*log(cos(f*x + e) -
Ixsin(f*x + e) + I) + 2% (2*xa”2*%d"3*f 3*x"3 + 2*a~2*xd"3*e”3 + 3*(2*a"2*c*xd”
2+%f73 + a”2+%d"3*xf"2)*x"2 + 6% (a”2%c”2*xd*f"3 + a"2xckxd"2xf"2)*x — 3% (2*a"2*c
*d"2+f + a"2xd"3)*e”2 + 6% (a"2kcT2xd*f"2 + a"2xc*d”~2*f)*e)*cos(f*x + e)*log
(I*cos(f*x + e) + sin(fxx + e) + 1) - 2x(2*xa"~2xd"3*f~3*x~3 + 2*a~2*d"3*e”3
+ 3% (2*xa~2kc*kd"2+%f"3 - a”2+%d"3*f"2)*x"2 + 6% (a”2*%c"2*%d*f"3 - a"2*cxd"2*f"2)
*x — 3% (2%a"2xcxd"2*%f - a”2xd"3)*e”2 + 6*x(a"2*cT2xd*xf"2 - a~2xcxd”"2*f)*e)*c
os(f*x + e)*log(I*cos(f*x + e) - sin(f*x + e) + 1) + 2x(2%a~2+d"3*f"3*x"3 +
2%a~2xd"3*%e”3 + 3% (2*a"2*cxd"2*f"3 + a~2xd"3*f72)*x"2 + 6*(a"2xc"2xd*f"3 +
a~2xcxd"2*¢f72)xx — 3*%(2*a"2xckd"2*f + a"2*d"3)*e"2 + 6% (a”2*xc”2xd*f"2 + a”
2xcxd~2*f) *xe) *cos (f*x + e)*log(-I*cos(f*x + e) + sin(f*x + e) + 1) - 2%(2*a
~2%d"3*%f"3%x"3 + 2%a"2xd"3%e”3 + 3% (2*a"2%c*kd"2*f"3 - a"2xd"3*xf"2)*x"2 + 6%
(a™2*%c™2%d*f~3 — a”2%cxd"2*xf"2)*x - 3*(2*a"2*cxd"2*f - a~2xd"3)*e"2 + 6x(a”
2xc"2xd*f"2 - a"2xc*d”"2xf)*e)*cos(f*x + e)xlog(-Ixcos(f*x + e) - sin(f*x +
e) + 1) + 2%(2%a~2xc”3*f73 + 3*a”~2*c"2xd*f"2 - 2*a"2xd"3*e”3 + 3x(2*a”2*c*d
“2*xf + a”2xd"3)*e”2 - 6x(a”2xcT2*d*f"2 + a”2%cxd"2*f)*e)*xcos(f*x + e)*log(-
cos(f*x + e) + Ikxsin(fxx + e) + I) - 2%(2*%a”2%c ™ 3*f~3 - 3%a~2%c"2*d*f"2 - 2
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*a"2%d"3*%e”3 + 3% (2%a"2%c*xd"2+f - a"2xd"3)*e”2 - 6%(a"2xc”2xd*xf"2 - a"2*xc*xd
~2xf)*e)*cos(f*x + e)*log(-cos(f*x + e) - I*sin(f*x + e) + I) - 12x(2*xa"2xd
“3xfxx + 2%a"2xckd"2xf - a"2*d"3)*cos(f*x + e)*polylog(3, Ixcos(f*x + e) +

sin(fxx + e)) + 12%(2%a~2xd"3xf*x + 2%a~2*c*d™2*xf + a~2*d"3)*cos(f*x + e)*p
olylog(3, I*cos(f*x + e) - sin(f*x + e)) - 12%(2%a”~2%d"3*f*x + 2%a~2%c*d™ 2%
f - a”2%d"3)*cos(f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) + 12x%(
2%a~2xd"3*f*kx + 2%a”2*kcxd"2xf + a"2xd"3)*cos(f*x + e)*polylog(3, -I*cos(f*x
+ e) - sin(fxx + e)) + (a"2*%d"3*f"4*x74 + 4*a”2%c*xd"2+f"4*x"3 + 6xa”2xc”2%
d*f74%x"2 + 4xa”2%c”3xf74xx)*cos(f*x + e) + 4x(a”2xd"3*f"3*%x"3 + 3*a~2*cxd”
2xf73*%x"2 + 3*a”"2xc”2xd*f"3*x + a”2*%c"3*f7"3)*sin(f*xx + e))/(f74xcos(f*x + e
)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

al(/ cuu-/ 2¢*sec (¢ + mar»f/ & sec? (e + fa)do + / &2t do + / 3cd1rzd«r+‘/ 3cdads + / 2% sec (¢ + fz) da + / Ao sec? (c + fzmu-/ 6cd*a? sec (e + f1) do + / 3ed®a? sec? (e + fa) da + / 6c*dasec (¢ + fa) dz + / 3c%dz sec? (e + fr)d:c)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(a+axsec(f*x+e))**2,x)

[Out] a**2*(Integral(c**3, x) + Integral(2xcx*3*sec(e + f*x), x) + Integral (c**3x
sec(e + f*x)**2, x) + Integral (d**3xx**3, x) + Integral (3xcxd**2*x**2, x) +
Integral (3*c**2xd*x, x) + Integral (2*d*x3xxx*3*sec(e + f*x), x) + Integral
(d**3*xxx*3*sec(e + f*x)*x2, x) + Integral (6*xc*d**x2*x*x2*sec(e + f*x), x) +
Integral (3kcxd**2xxx*2*sec(e + f*x)*x2, x) + Integral (6*c**2xd*x*sec(e + f*

x), x) + Integral(3*c*x*2*d*x*sec(e + f*x)*x2, x))

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(ata*sec(f*x+e))”2,x, algorithm="giac")
[Out] integrate((d*x + c)~3*(axsec(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(a+m)2(0+dx)3dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x)) 2*%(c + d*x)~3,x)
[Out] int((a + a/cos(e + f*x)) 2%(c + d*x)~3, x)
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3.7 [(c+ dz)*(a+ asec(e + fz))* dz

Optimal. Leaf size=262

ia®(c+dz)? a*(c+dx)® 4ia®(c+ dz)*ArcTan(e!cT?)) 2a%d(c+ dz)log (14 e*+/2)) 4ia’d(c + d:
7 3 7 ’ Iz "

[Out] -Ixa~2*(d*x+c)~2/f+1/3*a~2*(d*x+c) ~3/d-4*I*a~2*(d*x+c) ~2*arctan(exp (I (f*xx+
e)))/f+2xa~2*d* (d*x+c) *1n(1+exp (2*I* (f*xx+e))) /£~ 2+4*%I*xa~2*xd* (d*x+c)*polylog
(2,-Ixexp(I*(f*x+e)))/f~2-4*I*a~2xd* (d*x+c)*polylog(2, I*exp (I*(f*x+e)))/f~2
-Ixa~2xd~2*polylog(2,-exp(2*I*(f*x+e)))/f~3-4*a~2*d"2*polylog(3,-I*exp(I*(f
xx+e))) /£3+4*%a~2xd"2*polylog (3, I*exp (I*(f*x+e))) /f~3+a~2*x (d*x+c) "2xtan (f*x

+e)/f

Rubi [A]

time = 0.22, antiderivative size = 262, normalized size of antiderivative = 1.00, number of

steps used = 14, number of rules used = 10, integrand size = 20, number of rules _ 0.500,
integrand size

Rules used = {4275, 4266, 2611, 2320, 6724, 4269, 3800, 2221, 2317, 2438}

4ia*(c + dz)*ArcTan(¢“H/)  dia’d(c + dx)Lip (~ie'“*/?))  dia%d(c + dx)Lip(ie'“*/*)) = 2a%d(c+dz)log (1+e*H)  a?(c+dn)tan(e+ fz) ia*(c+dw)?  a*(c+da)’ ia’d’Lig(=e* %))  da’d’Lis(—ie' ) | da’dLis(ic" )
7 + g - 7 * 7 o 7 - A 7 - 7 * P

Antiderivative was successfully verified.
[In] Int[(c + d*x)~2x(a + a*xSecl[e + f*x])~2,x]

[Out] ((-I)*a"2*(c + d*x)"2)/f + (a"2x(c + d*x)~3)/(3*d) - ((4xI)*a~2x(c + d*x)~2
*ArcTan[E~(I*(e + f*x))])/f + (2%a"2*%d*(c + d*x)*Logl[l + E~((2*I)*(e + f*x)
)1)/£72 + ((4%I)*a~2*xd*(c + d*x)*PolyLog[2, (-I)*E~(Ix(e + f*x))]1)/£f72 - ((
4xI)*a~2xd*(c + d*x)*PolyLog[2, I*E~(I*(e + fxx))])/f"2 - (I*a~2xd~2*PolyLo

gl2, -E~((2xI)*(e + £*x))])/£"3 - (4*a~2xd"2*PolyLog[3, (-I)*E~(I*(e + f*x)
)1)/£73 + (4*a~2*%d"2*PolyLog[3, I*E~(I*(e + f*x))])/£f73 + (a™2*(c + d*x) 2%

Tan[e + f*xx])/f

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]
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Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 2611

Int[Logl[l + (e_.)*((F_)~"((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((£f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~“n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3800

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[I
*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x) m*x(E~(2*I*(e
+ £xx))/(1 + ET(2+I*x(e + £*x)))), x], x] /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 4266

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol
1 :> Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]/f), x] + (-Di
st[d*(m/f), Int[(c + d*x)"(m - 1)*Log[l - E~(Ixk#Pi)*E~(I*(e + f*x))], x],

x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQ[{c, d, e, £}, x] && IntegerQ[2*k] && IGtQ[m, 0]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscl[e + f*x])"n, x],
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x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps

/(c +dz)*(a + asec(e + fx))*dr = / (a*(c+ dz)? + 2a*(c + dz)’ sec(e + fz) + a*(c + dz)*sec’(e + fz)

- —az(c?;:idx)3 + a? /(c + dx)?sec’(e + fx) dz + (20°) /(C + dz)” sec(e

a®(c+dz)®  4ia*(c+ dz)?tan~! (') N a®(c+ dz)*tan(e + fx

3d f f
ia®(c+dzx)?  a®(c+dx)®  4dia*(c+dz)?tan~! (e(cTf2))  4ia’d
f 3d f
ia?(c+dz)®  a?(c+dz)® 4dia’(c+dz)?tan! (eXeT/2))  2a%d(
—_ + - +
f 3d f
ia®(c+dx)?  a®(c+dx)®  4dia*(c+dz)?tan~! (ecT/2))  2a2d(
A ” f *
ia*(c+dz)?  a?(c+dz)® 4dia’(c+dz)?tan! (eXcT/))  2a%d(
T f *

Mathematica [A]
time = 5.71, size = 505, normalized size = 1.93

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~2x(a + a*Secl[e + f*x])~2,x]

[Out] (a"2*%(1 + Cos[e + f*x])~2+Sec[(e + f*x)/2] 4*(x*x(3*%c~2 + 3*c*d*x + d~2*x"2)
+ (3x(c + d*x)~2xSin[(f*x)/2])/(f*(Cos[e/2] - Sin[e/2])*(Cos[(e + fxx)/2]

- Sin[(e + f*x)/2])) + (3*(c + d*x)"2*Sin[(f*x)/2])/(f*(Cos[e/2] + Sin[e/2]
)*(Cos[(e + f*x)/2] + Sin[(e + £*x)/2])) - ((3*I)*(2*c*d*f~2xx + d~2%xf 2*xx~

2 + 4xc”2*xf"2xArcTan[Cos[e + f*x] + I*Sin[e + f*x]] + 8*c*d*f 2xx*ArcTan[Co

sle + f*x] + I*Sin[e + fxx]] + 4*d"2xf~2xx"2*ArcTan[Cos[e + f*x] + I*Sin[e
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+ fxx]] + (2*I)*c*d*fxLog[l + Cos[2x(e + f*x)] + IxSin[2*(e + f*x)]] + (2*I
)*xd~2*xf*x*Log[1l + Cos[2*(e + f*x)] + I*Sin[2x(e + f*xx)]] + 4*d*xfx(c + d*x)*
PolyLog[2, I*Cos[e + fx*x] - Sin[e + f*x]] - 4*d*f*(c + d*x)*PolyLog[2, (-I)
*Cos[e + fxx] + Sin[e + f*xx]] + d~2*%PolyLog[2, -Cos[2*(e + f*x)] - I*Sin[2x
(e + f*x)]] + (4%I)*d~2*PolyLogl[3, I*Cos[e + f*x] - Sin[e + fxx]] - (4*I)xd
~2xPolyLog[3, (-I)*Cos[e + f*x] + Sin[e + f*x]] + (2%I)*cxd*xf~2*x*Tan[e] +

I*d~2*f"2xx~2*Tan[e]))/£73))/12

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 678 vs. 2(237) = 474.
time = 0.87, size = 679, normalized size = 2.59

method | result

8ia?cde arctan (e!(fz+e)) + 4ia?d? polylog (2,—ie*(fz+e)) g 2a%d? In(1+iet(fote)) g2 + 2a%d? In(1—ie!(fz+e)) g2

2a2e?

risch

f? f? f f

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2x(ata*sec(f*x+e)) 2,x,method=_RETURNVERBOSE)

[Out] 8*I/f~2*a”~2*c*d*exarctan(exp(I*(f*xx+e)))+2xIxa~2x(d~2*x"2+2*c*d*x+c~2)/f/ (e

xp(2*I* (f*xx+e))+1)+2/f72xa~2xc*d*1n(exp (2*xI* (f*x+e))+1)-4/f"2%a~2*c*d*1n(ex
p(Ix(f*x+e)))-2/f*a~2xd"2x1n (1+I*exp (I*(f*x+e)))*x~2+2/f*a~2xd~2x1n(1-I*exp
(Ix(fxx+e)))*x"2+2/f"3*a~2%e”2*d"2x1n(1+I*exp (I* (f*x+e)))-2%I/f*a~2%d"2*x"2
—-2%I/f"3%a"2%e”~2*d"2-4/f"2*%a"2xcxd*1n(1+I*exp (I*(f*x+e)))*e-4/f*a~2xcxd*1n(
1+I*exp (I* (f*x+e)))*x+4/f*a~2kxcxd*x1n(1-I*exp (I* (f*x+e)))*x+4/f~2%a"~2*cxd*1n
(1-Ixexp(I*(f*xx+e)))*e-4xI/f*a"2xc™2*arctan (exp(I*(f*xx+e)))+4/f 3*%a~2xd"2xe
*1n (exp (I*x(fxx+e)))+2/f72%xa"2xd"2*1n (exp (2*I* (f*x+e) ) +1) *x-2/f"3*a~2%e~2%d~
2x1n(1-Ixexp (I*(f*x+e)))+4*I/f72xa~2*%d"2*polylog(2,-I*exp (I* (f*x+e)))*x—-4*I
/£72%a~2xd"2*polylog(2, I*exp (I* (f*xx+e)))*x—4*I/f~2%a~2*c*d*polylog(2, I*exp(
Ix(fxx+e)))+4*I/f"2xa~2*c*d*polylog(2,-I*exp(I*(f*xx+e)))-4xI/f ~2%a"~2xd"2*e*
x-4xI/f"3%a"2xd"2*e"2*arctan(exp (I* (f*x+e)))-I*a~2*xd~2*polylog(2,-exp (2*I*(
f*xx+e))) /£73+1/3*a"2xd"2xx"3-4*a"2*d"2*polylog(3,-I*exp (I*x(f*x+e))) /£~ 3+4*a
~2xd"2*polylog(3,I*xexp(I*x(f*x+e)))/f~3+1/3*%a~2/d*c”3+a~2xd*c*x~2+a~2*c~2*x

Maxima [B] Both result and optimal contain complex but leaf count of result is larger
than twice the leaf count of optimal. 1829 vs. 2(233) = 466.
time = 0.69, size = 1829, normalized size = 6.98

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2% (ata*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/3*%(3x(f*xx + e)*a~2xc”2 + (f*x + e) 3%xa~2xd"2/f"2 + 3*x(f*xx + e)~2%a~2*c*xd/

f - 3x(fxx + e)"2%a"2%d"2xe/f"2 - 6x(f*x + e)*a~2xc*d*xe/f + 6*a~2*xc"2xlog(s
ec(f*x + e) + tan(f*x + e)) - 12xa~2*c*kdxexlog(sec(f*x + e) + tan(f*x + e))
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/f + 3x(f*x + e)*a~2xd"2%e”2/f72 + 6*a”~2xd"2xe"2*log(sec(f*x + e) + tan(f*x
+ e))/f72 + 3*%(2*xa~2xc"2*%f"2 - 4*xa”2*ckdxfxe + 2*%a”2xd"2*%e”2 - 2x((f*x + e
)"2%a"2+%d"2 + 2% (a"2%ckxdxf - a”"2+xd"2xe)*x(f*x + e) + ((f*x + e) 2*a"2%d~2 +

2% (a~2kckd*xf - a~2xd"2xe)*(f*x + e))*cos(2xfxx + 2xe) + (I*(f*x + e) " 2%a”~2x%
d"2 + 2x(I*a"2*c*xd*xf — I*a~2+xd"2*xe)*(f*x + e))*sin(2*xf*x + 2*e))*arctan2(co
s(fxx + e), sin(fxx + e) + 1) - 2% ((fxx + e)~2*%a"2xd"2 + 2x(a~2xcxd*f - a~2
*d~2xe) * (f*x + e) + ((f*xx + e) 2%a~2xd"2 + 2% (a~2xckd*f - a~2xd"2*e)*(fxx +
e))xcos(2*xf*x + 2xe) + (Ix(fxx + e) 2*xa~2xd"2 + 2x(I*a~2*c*xd*xf - I*a~2*d~2
*e)*(f*x + e))*sin(2*f*xx + 2%e))*arctan2(cos(f*x + e), -sin(f*x + e) + 1) +
2% ((fxx + e)*a~2xd"2 + a~2xcxd*f - a~2xd"2*e + ((fxx + e)*a~2xd"2 + a~2*cx*
d*f - a~2xd"2*e)*cos(2xf*x + 2xe) - (-I*(f*x + e)*a~2xd"2 - I*a~2xckxd*f + I
*a"2%d"2%e) *sin(2xf*x + 2%e))*arctan2(sin(2*f*x + 2%e), cos(2xfxx + 2%e) +

1) - 2% ((f*xx + e)72*xa"2%d"2 + 2x(a”~2*c*d*f - a~2*d"2xe)*(f*x + e))*cos(2*f*
X + 2xe) - (a"2*%d"2*cos(2*f*x + 2%e) + I*a"2xd"2*sin(2*f*x + 2%e) + a~2xd"2
)*dilog(-e~ (2*I*xf*xx + 2%I*e)) - 4*x((f*x + e)*a”2xd"2 + a~2xc*d*f - a~2%d~2x
e + ((fxx + e)*a~2x%d"2 + a~2*cxd*f - a~2xd"2xe)*cos(2xf*xx + 2%e) + (I*x(f*x
+ e)*a”2xd"2 + Ixa~2xc*d*f - Ixa~2*d"2*e)*sin(2xf*x + 2%e))*dilog(Ixe~ (I*f*
X + Ixe)) + 4x((f*xx + e)*a™2xd"2 + a"2*cxd*xf - a~2+xd"2xe + ((f*x + e)*a”2xd
"2 + a"2kckd*f - a"2xd"2xe)*cos(2*f*x + 2%e) - (Ix(f*x + e)*a”2*%d"2 - I*a”
2kckd*f + I*ka~2%d"2%e)*sin(2xf*xx + 2%e))*dilog(-I*e~ (Ixf*x + I*xe)) + (-Ix(f
*x + e)*a”~2%d"2 - Ixa~2xcxdxf + I*a~2*%d"2*e + (-I*x(f*x + e)*a~2*%d"2 - I*a~2
xcxdxf + I*a~2xd"2*e)*cos(2xf*x + 2xe) + ((f*x + e)*a”2*%d"2 + a~2c*d*f - a
~2xd"2%e) *sin(2xfxx + 2%e))*log(cos(2xfxx + 2%e)~2 + sin(2*f*x + 2xe)”2 + 2
xcos (2xf*x + 2xe) + 1) + (Ix(f*x + e)~2%a"2+%d"2 - 2k (I*a 2xcxd*f - I*a~2xd
“2%e) % (f*x + e) + (Ix(f*x + e)"2%a"2+%d"2 - 2% (I*a"~2xcxd*xf - I*a~2*xd"2*e)*(
fxx + e))*cos(2xfxx + 2xe) + ((f*x + e) 2%a~2%d~2 + 2x(a~2kcxd*f - a~2xd~2x*
e)*(fxx + e))*sin(2*f*x + 2xe))*log(cos(f*x + e)~2 + sin(f*x + e)”2 + 2%sin
(fxx + e) + 1) + (I*(f*x + e) 2%a"2xd"2 - 2% (-Ixa~2kckxd*f + I*a~2xd"2x*e)*(f
*x + e) + (Ix(fxx + e)72%xa~2xd"2 - 2x(-I*a"2*c*d*xf + I*a~2+%d"2xe)*(f*x + e)
Yxcos (2*xf*x + 2%e) - ((f*xx + e)"2*%a~2*%d"2 + 2*(a~2*ckd*f - a~2xd"2*xe)* (f*x

+ e))*sin(2xf*xx + 2%e))*log(cos(f*x + e)72 + sin(f*x + e)”2 - 2*sin(f*x + e
) + 1) - 4x(I*a"2*%d"2xcos(2*f*x + 2*e) - a~2xd"2*sin(2*fxx + 2%e) + I*xa”~2*d
~2)*polylog(3, I*e” (I*f*x + Ixe)) - 4x(-I*a~2*%d"2xcos(2*f*x + 2%e) + a~2*d~
2xsin(2*f*x + 2xe) - I*a~2*%d"2)*polylog(3, -Ixe~ (Ixfxx + I*e)) - 2% (Ix(f*x

+ e)"2xa"2xd"2 + 2% (I*a~2*ckd*f - I*a~2xd"2xe)*(f*x + e))*sin(2*f*x + 2*e))
/ (mI*f~2%cos(2xf*x + 2xe) + £ 2*sin(2*f*x + 2*xe) - I*xf~2))/f

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 1151 vs. 2(233) = 466.
time = 3.41, size = 1151, normalized size = 4.39

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(ata*sec(f*x+e))”2,x, algorithm="fricas")
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[Out] -1/3%(6%a~2*d"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) + sin(f*x + e)) - 6%
a~2xd"2*cos(f*x + e)*polylog(3, I*cos(f*x + e) - sin(f*xx + e)) + 6%a~2%d"2x
cos(f*x + e)*polylog(3, -I*cos(f*x + e) + sin(f*x + e)) - 6*a~2xd"2*cos(f*x
+ e)*polylog(3, -Ixcos(f*x + e) - sin(f*x + e)) + 3% (2*I*a~2xd"2*f*x + 2xI
*xa~2xcxdxf - I*a~2*d"2)*cos(f*x + e)*dilog(I*cos(f*x + e) + sin(f*xx + e)) +
3% (2xI*a~2+d"2xf*x + 2*I*ka~2xcxd*f + I*a~2+d"2)*cos(f*x + e)*dilog(I*cos(f
*x + e) - sin(f*x + e)) + 3*(-2xI*a~2+d"2xfxx - 2xIxa~2xcxd*xf + Ixa~2xd"2)*
cos(f*x + e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 3*%(-2*%I*a~2*%d"2*f*x -
2xIxa~2*ckd*f - I*a~2*%d"2)*cos(f*x + e)*dilog(-I*cos(f*x + e) - sin(f*x + e
)) - 3%(a"2xcT2xf72 + a"2xckdxf + a"2xd"2%xe”2 - (2¥a"2*ckd*f + a"2%d"2)*e)*
cos(fxx + e)xlog(cos(f*x + e) + I*sin(fxx + e) + I) + 3*%(a"2*%c™2*xf72 - a~2x%
ckd*f + a”2*%d"2*e”2 - (2%a”2*cxdxf - a~2*d"2)*e)*cos(f*x + e)*log(cos(f*x +
e) - Ixsin(f*x + e) + I) - 3*(a”2%d"2+f72%x72 - a™2xd"2xe”2 + (2*%a~2*c*d*f
T2 + a”2xd"2*f)*x + (2%a2xckd*f + a~2*%d"2)*e)*cos(f*x + e)*log(I*cos(f*x +
e) + sin(f*xx + e) + 1) + 3*%(a"2*%d™2*f72%x"2 - a"2xd"2%e”2 + (2%a~2*c*d*f~2
- a"2xd"2*f)*x + (2%a”2*kcxd*xf - a"2xd"2)*e)*cos(f*x + e)*log(Ixcos(f*x + e
) - sin(f*xx + e) + 1) - 3x(a”™2*%d™2*%f"2*x"2 - a"2*%d"2*e”2 + (2%a"2xcxd*xf~2 +
a"2xd"2*f)xx + (2%a”2*ckxdxf + a~2*d"2)*e)*cos(f*x + e)*log(-I*cos(f*x + e)
+ sin(f*x + e) + 1) + 3%x(a™2xd"2*f"2*%x"2 - a”2*%d"2*%e”2 + (2%a~2*c*xd*f~2 -
a”2%d"2xf)*xx + (2*xa"2*cxdxf - a~2xd"2)*e)*cos(f*x + e)*log(-Ixcos(f*x + e)
- sin(fxx + e) + 1) - 3x(a™2xc™2*xf"2 + a™2xckd*f + a~2xd"2xe”2 - (2¥a”~2*cxd
*f + a"2%d"2)*e)*cos(f*x + e)*xlog(-cos(f*x + e) + Ixsin(f*x + e) + I) + 3x(
a"2%c"2*%f"2 - a”2kckd*f + a"2%d"2%e”2 - (2%a"2*xcxd*f - a~2%d"2)*e)*cos(f*x
+ e)*log(-cos(f*x + e) - Ixsin(fxx + e) + I) - (a”™2*%d"2*f"3%x"3 + 3*a~2*cx*d
*£73%x72 + 3xa”2%c”2xf73xx)*cos(f*x + e) - 3x(a"2xd"2xf"2%x"2 + 2¥a”2kckxdxf
“2%x + a”2%c”2xf"2)*sin(fxx + e))/(£f"3*cos(f*x + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a2</ dr + /2czsec(e+fz)dz+ / c*sec’ (e + fx)dz + /d2z2dz+ /23dzdz+ / 2d*z? sec (e + fz)dz + /d222sec2 (e+ fz)dz + /4cdzsec(e+fz)dz+ /2cdzsec2(e+fz)dz>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*(at+a*sec(f*xx+e))**2,x)

[Out] a*x2*(Integral(c**2, x) + Integral(2*c*x2*sec(e + f*x), x) + Integral (cx*2x
sec(e + f*x)**2, x) + Integral (d**2*x**2, x) + Integral(2*c*d*x, x) + Integ

ral (2xd**2*x**2xsec(e + f*x), x) + Integral (d**2*xx**2xsec(e + f*x)**2, x) +
Integral (4xc*d*x*sec(e + f*x), x) + Integral(2xcxd*x*sec(e + f*x)**2, x))

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) ~2*(ata*sec(f*x+e))”2,x, algorithm="giac")
[Out] integrate((d*x + c) 2*(axsec(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/<a+m)2(c+dx)2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x)) " 2%(c + d*x)~2,x)
[Out] int((a + a/cos(e + f*x))~2x(c + d*x)~2, x)



73

3.8 [(c+dz)(a+ asec(e + fz))* dx

Optimal. Leaf size=134

a®(c+dz)? 4ia*(c+ dz)ArcTan(e!ct?) ¢2dlog(cos(e 4+ fz)) 2ia’dPolyLog(2, —ie'®*/*))  2ia®dPo
2d 7 " Iz " 2 )

[Out] 1/2*a”~2x(d*x+c)”~2/d-4*I*a”2x(d*x+c)*arctan(exp(I*(f*x+e)))/f+a"2xd*1n(cos(f
xx+e)) /£72+2*%I*a~2*d*polylog(2,-Ixexp(I*(f*x+e))) /f~2-2%I*a~2*d*polylog(2,I
xexp (I*(f*x+e))) /£ 2+a~2+(d*x+c) *tan(f*x+e) /£

Rubi [A]
time = 0.09, antiderivative size = 134, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 9, number of rules used = 6, integrand size = 18,
Rules used = {4275, 4266, 2317, 2438, 4269, 3556}

4ia®(c + dz)ArcTan(e¢+/®)  o2(c+dx)tan(e + fz) a®(c+dx)?  2ia?dLiy(—ielct/®))  24a>dLi, (i)  a2dlog(cos(e + fz))
B f * f T f? B f - f?

Antiderivative was successfully verified.
[In] Int[(c + d*x)*(a + a*Sec[e + f*x])~2,x]

[Out] (a”2*(c + d*x)~2)/(2*%d) - ((4*xI)*a~2*(c + d*x)*ArcTan[E~(Ix(e + f*x))])/f +

(a”2xd*Log[Cos[e + f*x]])/£f72 + ((2*I)*a~2*d*PolyLog[2, (-I)*E~(Ix(e + f*x
)1)/£72 - ((2xI)*a~2xd*PolyLog[2, I*E~(Ix(e + fxx))])/£f72 + (a"2x(c + d*x)
*Tan[e + f*xx])/f

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 4266

Int[csc[(e_.) + Pi*x(k_.) + (f_.)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 > Simp[-2*(c + d*x) “m*(ArcTanh[E~ (I*k*Pi)*E~(I*(e + f*x))]/f), x] + (-Di
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st[d*x(m/f), Int[(c + d*x)~(m - 1)*Log[l - E~(I*k#Pi)*E~(Ix(e + f*x))], x],
x] + Dist[d*(m/f), Int[(c + d*x)~(m - 1)*Log[l + E~(I*k*Pi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, 4, e, £}, x] && IntegerQ[2*k] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)~(m - 1)*
Cot[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, O]

Rubi steps

/(c +dz)(a + asec(e + fz))* dr = / (a*(c+ dz) + 2a*(c + dz) sec(e + fz) + a®(c + dz) sec®(e + fz)) dz

_dletda) | o / (c+ dz) sec*(e + fo) do + (20°) / (c+ dz) sec(e +

2d
_ a?(c+dz)?  4id®(c+dx)tan™! (e'CTD))  g%(c + dz)tan(e + fx)
24 f f :
_ d*(c+dx)®  4id’(c+dz)tan! (e"H/) N a?dlog(cos(e + fz)) L
2d f f2?
a®(c+dz)?  4ia*(c+dz)tan' (e'/?)  g2dlog(cos(e + fxr)) 2
= 2d - 7 + 72 + -

Mathematica [B] Both result and optimal contain complex but leaf count is larger than
twice the leaf count of optimal. 330 vs. 2(134) = 268.
time = 5.57, size = 330, normalized size = 2.46

1 e ot (e 1) (s s 5 4 e ) () - ATt ) ) P ) g ) | al) ) e Jetaes st Jo+ )
Ba

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)*(a + a*Sec[e + f*x])~2,x]

[Out] (a"2*x(1 + Cos[e + f*x]) 2*Sec[(e + fx*xx)/2] "4*(8*c*f*ArcTanh[Sin[e] + Cosl[e]
*Tan [ (f*x)/2]] + 8*xdxArcTan[Cot[e]]*ArcTanh[Sin[e] + Cos[e]l*Tan[(f*x)/2]] -
(4xdxCsce]*((f*x - ArcTan[Cot[e]])*(Logl[l - E~(I*(f*x - ArcTan[Cot[e]]))]
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- Log[1 + E7(I*(f*x - ArcTan[Cot[el]))]) + IxPolyLogl[2, -E~(I*(f*x - ArcTa
n[Cot[el]l))] - IxPolyLogl[2, E~(I*(f*x - ArcTan[Cot[e]]))]))/Sqrt[Cscle]~2]
+ (2+%f*(c + d*x)*Sin[(f*x)/2])/((Cos[e/2] - Sin[e/2])*(Cos[(e + f*x)/2] - S
in[(e + £*x)/2])) + (2*fx(c + d*x)*Sin[(f*x)/2])/((Cos[e/2] + Sin[e/2])*(Co
s[(e + f*x)/2] + Sin[(e + f*x)/2])) - 2*d*f*x*Tan[e] + fix*(2*cxf + dkf*x +

2xd*Tan[e]) + 2xdx(Logl[Cos[e + f*x]] + f*x*Tan([e])))/(8*f~2)

Maple [A]
time = 0.56, size = 235, normalized size = 1.75

method result
2 2 2
. . o a2ctan(fz+e)—a deta;(fz+e)+a d((fz+e) ta.n(fz}—e)-}—ln(cos(fz-ﬂ—e))) +2a2cln(sec(fz+e)+tan(fz+e))—2“ deIn(sec(fz
derivativedivides
azctan(fx—}-e)— a?de tan(fz+e) + azd((fm+e) tan(fz+e)+In(cos(fz+e))) +2a2c ln(sec(fm—l—e)—i-tan(fm—l—e))— 202 de In(sec(fz
default 7 i R
. a2d z2 2 2ia2 (dz+c) _ 2a2dln(ei(f””+e)) a2dln(ezi(fz+e)+l) . 4ia2c arctan(ei(f“'e)) é
risch = ta‘cx+ PG 11) 72 + 72 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(at+a*sec(f*x+e))”~2,x,method=_RETURNVERBOSE)

[Out] 1/f*x(a"2*cxtan(f*x+e)-a~2/f*d*extan(f*xx+e)+a~2/f*xd* ((f*x+e)*tan(f*x+e)+1n(c
os(fxx+e)))+2*xa~2xcx1n(sec (f*xx+e)+tan(f*x+e))-2*a~2/f*xd*e*x1ln(sec(f*x+e)+tan
(f*x+e) ) +2*xa~2/fxd* (- (f*x+e) *1n(1+I*exp (I* (f*x+e)))+(f*x+e)*1n(1-T*xexp (I*(£f
xx+e)))+I*dilog(1+I*exp (I* (f*x+e)))-I*dilog(1-I*exp (I* (fxx+e))))+a~2*xc* (f*x
+e)-a~2/fxd*xe* (f*xx+e)+1/2*%a~2/fxd* (f*x+e) ~2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(a+ta*sec(f*x+e))”2,x, algorithm="maxima")

[Out] 1/2*(a~2*xd*f~2%x"2 + 2*a~2*c*f~2*%x + (2" 2xd*f~2*x"2 + 2*a~2kc*xf~2*x)*cos (2%
fxx + 2%e)”2 + (a”2x%d*f"2%x"2 + 2*a " 2kckf"2*xx) *sin(2xf*xx + 2%e) "2 + 2% (a2
d*f72%x72 + 2%a"2xcxf"2%x) *cos(2xf*x + 2%e) + 8k (a"2*xd*f"3*kcos(2*xf*xx + 2%e)

"2 + a”2%d*f " 3*sin(2*f*x + 2*%e) "2 + 2xa~2kd*f " 3*cos(2xf*x + 2xe) + a”2*dxf”
3)*integrate ((xxcos(2*f*x + 2%e)*cos(f*x + e) + x*sin(2xf*x + 2%e)*sin(f*x
+ e) + xxcos(fxx + e))/(f*cos(2*f*x + 2*e)~2 + fxsin(2*f*x + 2%e)”2 + 2xfx*xc
os(2*f*x + 2xe) + f), x) + (a”2*d*cos(2*xf*x + 2*e) "2 + a~2*d*sin(2*f*x + 2%

e)”2 + 2xa~2xd*cos(2xfxx + 2%e) + a~2xd)*log(cos(2xf*x + 2%e)”2 + sin(2xf*x

+ 2%e) "2 + 2xcos(2xfxx + 2%e) + 1) + 2x(a"2xcxfxcos(2*f*x + 2%e) 2 + a~2x*c
xfxsin (2xfxx + 2%e)”2 + 2xa~2xc*xf*cos(2xf*x + 2xe) + a~2xc*f)x*log(cos(f*x +
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e)”2 + sin(f*x + e)”2 + 2xsin(f*x + e) + 1) - 2x(a~2xcxfxcos(2*f*x + 2%e)”
2 + a”2*c*f*xsin(2*f*x + 2xe)”2 + 2%a”2kcxfxcos(2xf*xx + 2%e) + a~2kcxf)*log(
cos(f*x + e)72 + sin(f*x + e)”2 - 2*sin(f*x + e) + 1) + 4*(a~2xd*xf*x + a~2x%
ckxf)*sin(2*f*x + 2%e)) /(£ 2xcos (2*f*x + 2%e)~2 + f~2xsin(2xfxx + 2%e)”2 + 2
*f~2%cos (2%f*xx + 2%e) + £72)

Fricas [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 572 vs. 2(119) = 238.
time = 2.93, size = 572, normalized size = 4.27

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(ataxsec(f*x+e))”2,x, algorithm="fricas")

[Out] 1/2*%(-2*I*a"2*d*cos(f*x + e)*dilog(Ixcos(f*x + e) + sin(f*x + e)) - 2*I*a"2
xdxcos (f*x + e)*dilog(I*cos(f*x + e) - sin(f*xx + e)) + 2xI*a~2*xdxcos(f*x +
e)*dilog(-I*cos(f*x + e) + sin(f*x + e)) + 2*I*a~2xdxcos(f*x + e)*dilog(-Ix
cos(f*x + e) - sin(fxx + e)) + (2%a™2xcxf - 2xa"2xdxe + a~2xd)*cos(f*x + e)
xlog(cos(f*xx + e) + Iksin(f*xx + e) + I) - (2*%a~2*c*xf - 2%xa~2kdxe - a~2%d)*c
os(fxx + e)*log(cos(f*x + e) - Ixsin(f*x + e) + I) + 2x(a”2xdxfxx + a~2xdxe
)*cos(fxx + e)*xlog(I*cos(f*x + e) + sin(f*x + e) + 1) - 2% (a~2*d*xf*x + a~2%
dxe)*cos(f*x + e)*log(Ixcos(f*x + e) - sin(f*x + e) + 1) + 2x(a"2xdxfxx + a
~2xdx*e) *cos (f*x + e)*log(-Ixcos(f*x + e) + sin(f*x + e) + 1) - 2x(a~2xdxf#*x
+ a”2xdxe)*cos(f*x + e)*log(-I*cos(f*x + e) - sin(f*x + e) + 1) + (2*a"2*c
*f - 2%xa"2xd*e + a"2*d)*cos(f*x + e)*log(-cos(f*x + e) + I*sin(f*x + e) + I
) - (2%a”2kxcxf - 2%a”2*xdxe - a~2*d)*cos(f*x + e)*log(-cos(f*x + e) - I*sin(
fxx + e) + I) + (a”2xd*f72%xx"2 + 2%xa~2xcxf~2%xx)*cos(f*x + e) + 2% (a~2xd*xf*x
+ a~2kxcxf)*sin(f*xx + e))/(£f"2*cos(f*x + e))
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

a2</cdm+/2csec(e+f9:)dm+/cse02(e+fm)d:c+/dacdw+/2dmsec(e+fx)dm+/da:sec2(e+fac)dw>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(ata*sec(f*x+e))**2,x)

[Out] a**2*(Integral(c, x) + Integral(2*c*sec(e + f*x), x) + Integral(c*sec(e + f
*x)**2, x) + Integral(d*x, x) + Integral(2*xd*xxsec(e + f*x), x) + Integral(
dxx*sec(e + fxx)*x2, x))

Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate



(s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(ata*sec(f*x+e))”2,x, algorithm="giac")

[Out] integrate((d*x + c)*(axsec(f*x + e) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/<a+m>2(c+dm) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x)) 2%(c + d*x),x)

[Out] int((a + a/cos(e + f*x))~2*(c + d*x), x)
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3.9 f (a+as§i(§:fx))2 dx

Optimal. Leaf size=23

Int((a + asec(e + fx))? | x)
c+dx

[Out] Unintegrable((at+a*sec(f*x+e)) 2/ (d*x+c),x)

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ g
integrand size ’

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/(a+asec(e+fx))2 i
c+dz

Verification is not applicable to the result.
[In] Int[(a + axSecl[e + f*x])~2/(c + d*x),x]

[Out] Defer[Int] [(a + a*Sec[e + f*x])~"2/(c + d*x), x]
Rubi steps

(a+asece+ fz))? | [ (a+asec(e+ fz))?
/ c+dx de = / c+dx dz

Mathematica [A]
time = 29.38, size = 0, normalized size = 0.00

/(a%—asec(e—l—fx))2 i
c+dx

Verification is not applicable to the result.

[In] Integratel[(a + a*Secl[e + f*x])~2/(c + d*x),x]
[Out] Integrate[(a + a*Sec[e + f*x])~2/(c + d*x), x]

Maple [A]
time = 0.37, size = 0, normalized size = 0.00
2
/ (a+asec(fzr+e)) i
dr + c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atax*sec(f*x+e))~2/(d*x+c),x)
[Out] int((ataxsec(f*x+e)) 2/(d*x+c),x)
Maxima [A]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e)) 2/(d*x+c),x, algorithm="maxima")

[Out] ((a™2xd*f*xx + a~2%c*f)*cos(2%f*x + 2%e) 2*log(d*x + c) + 2%a~2xd*sin(2xf*x
+ 2xe) + (a”2xdxf*x + a~2xc*f)*log(d*x + c)*sin(2*f*x + 2%e) "2 + 2% (a~2*d*f
*x + a”~2kcxf)*cos(2xf*x + 2xe)*log(d*x + c) + (d™2*f*xx + c*d*f + (d™2xfxx +
cxdxf)*cos (2xf*xx + 2%e)”2 + (d"2*f*x + ckd*f)*sin(2xf*x + 2xe)~2 + 2% (d~2x*
fxx + c*d*f)*cos(2xfxx + 2%e))*integrate(2x(2x(a~2xdxf*x + a~2xcxf)*cos(2*f
*x + 2%e)*cos(f*x + e) + 2x(a~2*d*f*x + a~2*c*kf)*cos(f*xx + e) + (a™2%d + 2%
(a~2xdxf*x + a~2xc*f)*sin(f*x + e))*sin(2xf*x + 2%e))/(d"2*f*x"2 + 2kcxd*xf*
X + c72xf + (d72%f*xx"2 + 2*ckdxf*xx + c”2%f)*cos(2*f*x + 2%e) 2 + (d"2*xf*x"2
+ 2%cxdxf*xx + c72xf)*sin(2*fxx + 2%e) "2 + 2x(d72*f*x"2 + 2*ckdxfxx + c”2x*f
)*cos(2xfxx + 2%e)), x) + (a~2*d*xf*x + a~2*ckxf)*log(d*x + c))/(d"2xf*x + c*
dxf + (d72xfxx + c*d*f)*cos(2*f*x + 2*xe) "2 + (d"2*f*x + c*xd*f)*sin(2xf*xx +
2%e) "2 + 2x(d"2xf*x + ckxdxf)*cos(2*f*x + 2xe))

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sec(f*x+e)) 2/(d*x+c),x, algorithm="fricas")
[Out] integral((a"2*sec(f*x + e)~2 + 2xa~2*sec(f*x + e) + a~2)/(d*x + c), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2sec (e + fx) sec? (e + fr) / 1
2 T2
a(/ c+dzx d:v-l-/ c+dzx dr + c—l—dxdz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))**2/(d*x+c),x)

[Out] a*x2*(Integral(2*sec(e + f*x)/(c + d*x), x) + Integral(sec(e + f*xx)**x2/(c +
d*x), x) + Integral(1/(c + d*x), x))



Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+a*sec(f*x+e))”2/(d*x+c),x, algorithm="giac")
[Out] integrate((a*sec(f*x + e) + a)~2/(d*x + c), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

2
/ (a’ + cos(e+f x)) dr
c+dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))~2/(c + d*x),x)
[Out] int((a + a/cos(e + f*x))~2/(c + d*x), x)
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arasecie x 2
3.10  [leeetfo) gy

Optimal. Leaf size=23

Im(@+ﬁfﬁ;}ﬁ%ix>

[Out] Unintegrable((ata*sec(f*x+e)) 2/ (d*x+c)~2,x)

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

(a+ asec(e + fz))?
/ (c+ dz)? de

Verification is not applicable to the result.

[In] Int[(a + a*Secl[e + f*x])~2/(c + d*x)~2,x]

[Out] Defer[Int] [(a + a*Sec[e + f*x])~2/(c + d*x)~2, x]
Rubi steps

/ (a + asec(e + fr))? i (a + asec(e + fr))? i
(c + dz)? (c+ dz)?

Mathematica [A]
time = 27.95, size = 0, normalized size = 0.00

/ (a + asec(e + fr))? i
(c+ dz)?

Verification is not applicable to the result.

[In] Integrate[(a + a*Sec[e + f*x])~2/(c + d*x)~2,x]
[Out] Integratel[(a + a*Sec[e + f*x])~2/(c + d*x)~2, x]

Maple [A]
time = 0.42, size = 0, normalized size = 0.00
2
/ (a+asec(fx2+ e)) d
(dz + )

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atax*sec(f*xx+e)) 2/ (d*x+c)~2,x)
[Out] int((at+a*sec(f*xx+e)) 2/ (d*x+c)~2,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e)) 2/(d*x+c)~2,x, algorithm="maxima")

[Out] -(a~2*d*f*x + a~2xc*f - 2%a~2*%d*sin(2xf*x + 2%e) + (a~2*d*f*x + a~2xc*f)*co
s(2xf*xx + 2%e)”"2 + (a™2*xdxf*xx + a~2*cxf)*sin(2*fxx + 2%e) 2 + 2x(a"2*d*f*x
+ a”2xcxf)*cos(2*fxx + 2%e) - (d73*f*x"2 + 2xckd™2*f*x + c”2*%d*f + (d"3*f*x
"2 + 2kc*kd"2xfxx + cT2*d*f)*cos(2*fxx + 2%e) "2 + (d73kf*x72 + 2kckd"2xfxkx +
c72xd*f) *sin (2*f*x + 2*%e) "2 + 2x(d"3*xf*x"2 + 2kckd"2*xf*x + c”2xd*f)*cos (2%
f*x + 2xe))*integrate (4x((a~2*%d*f*x + a~2%cxf)*cos(2*xf*x + 2*e)*cos(f*x + e
) + (2a72*dxfxx + a~2xckf)*xcos(fxx + e) + (a™2xd + (a~2*d*xfxx + a~2%c*f)*sin
(fxx + e))*sin(2*xf*x + 2xe))/(d"3*f*x"3 + 3*cxd " 2xf*x"2 + 3*xc~2kd*f*x + c~3
*f + (A73*%f*x"3 + 3kckd " 2xf*x"2 + 3kc"2kd*f*x + c”3*f)*cos(2xf*xx + 2%e)”"2 +

(d73*f*x"3 + 3*c*kd"2*%f*x"2 + 3*xc™2xd*xfxx + c”3*f)*sin(2*f*x + 2*%e) "2 + 2% (
d™3%f*xx"3 + 3kcxd"2kfxx"2 + 3kcT2kdxf*x + c~3%f)*cos(2xf*xx + 2%e)), x))/(d”
3kf*x"2 + 2kckd"2xfxx + c”2*d*f + (A73kF*x"2 + 2kxckd"2*f*x + c”2*d*f)*cos(2
*fxx + 2%e)72 + (d73*f*x72 + 2kc*kd"2xf*xx + c”T2*d*f)*sin(2*f*x + 2%e) "2 + 2%
(d™3*f*x"2 + 2xckd™2*f*x + c”~2*d*f)*cos(2xf*x + 2xe))

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ata*sec(f*x+e))”2/(d*x+c)”2,x, algorithm="fricas")

[Out] integral((a~2*sec(f*x + e)~2 + 2xa~2+sec(f*x + e) + a~2)/(d"2*x"2 + 2xcxd*x
+ ¢c72), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2sec (e + fx) / sec? (e + fz) / 1
2 d d
¢ (/ 2 + 2cdz + d?x? do + @ + 2cds + d2a? + 2 + 2cds + 222

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+a*sec(f*x+e))**2/(d*x+c)**2,x)
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[Out] a*x2*(Integral(2*sec(e + f*x)/(cx*2 + 2xc*d*x + d**2xx**2), x) + Integral(s
ec(e + f£xx)**x2/(c**2 + 2%ckd*x + d**2xx*%x2), x) + Integral(1l/(c**2 + 2kcxdx

X + dxx2xx*x*2), x))

Giac [A]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ata*sec(f*x+e))~2/(d*x+c)~2,x, algorithm="giac")
[Out] integrate((a*sec(f*x + e) + a)~2/(d*x + c)~2, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.04

2
/ <CI, + cos(e+f m)) d

(c+dx)?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + a/cos(e + f*x))~2/(c + d*x)~2,x)
[Out] int((a + a/cos(e + f*x))"2/(c + d*x)~2, x)
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(c+dz)?
3.11 f a—l—acsec(:;—fx) dx

Optimal. Leaf size=152

i(c+dz)® (c+dz)* 6d(c+ dz)?log (1+ e+®) 12id?(c + dzx)PolyLog(2, —e¢*%)) 12d*PolyLog(3
+ - + -
af 4ad af? af3 aft

[Out] Ix(d*x+c)~3/a/f+1/4*(d*x+c)~4/a/d-6%d*(d*x+c) 2x1n(1l+exp(I*(f*x+e)))/a/f~2+
12%I*d~2* (d*x+c) *polylog(2,-exp(I* (f*x+e)))/a/f73-12%d"3*polylog(3,-exp (I*(
fxx+e)))/a/f"4-(d*x+c) "3xtan(1/2xfxx+1/2%e) /a/f

Rubi [A]
time = 0.23, antiderivative size = 152, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.400,

steps used = 9, number of rules used = 8, integrand size = 20,
Rules used = {4276, 3399, 4269, 3800, 2221, 2611, 2320, 6724}

12id?(c + dz)Liz (—€"©*/)  6d(c + dz)?log (1 + €¢*/2))  (c+ dz)*tan (g + L) + i(c+dz)? + (c+dx)t  12d°Lis(—e'ctf2)

af3 af? af af 4ad af*

Antiderivative was successfully verified.
[In] Int[(c + d*x)~3/(a + a*Sec[e + f*x]),x]

[Out] (Ix(c + d*x)"3)/(a*f) + (c + d*x)~4/(4*a*xd) - (6*dx(c + dxx) 2xLogl[l + E~(I
k(e + fxx))1)/(a*f"2) + ((12%xI)*d~2%(c + d*x)*PolyLog[2, -E~(I*(e + f*x))])
/(axf~3) - (12xd"3*PolyLog[3, -E~(I*(e + f*x))])/(axf~4) - ((c + d*x)~3*Tan

[e/2 + (£*x)/2]1)/(axf)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]]